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Throughout, let F be a field.
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Absolute Values CALGARY

Throughout, let F be a field.

An absolute value on F is a map | - | : F — R such that for all a,b € F:

o |a| > 0, with equality if and only if a =10
o |ab| = |a||b|
o |a+ b| < |a| + |b| (archimedian) or

|a+ b| < max{|a|, |b|} (non-archimedian)
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Absolute Values CALGARY

Throughout, let F be a field.

Definition

An absolute value on F is a map |-|: F — R such that for all a,b € F:
o |a] > 0, with equality if and only if a=10
o |ab| = |a||b|
o |a+ b| < |a| + |b| (archimedian) or
|a+ b| < max{|a|, |b|} (non-archimedian)

o The well-known absolute value on @ (or on R or on C) is an
archimedian absolute value in the sense of the above definition.
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Throughout, let F be a field.

An absolute value on F is a map |-|: F — R such that for all a,b € F:

o |a| > 0, with equality if and only if a=0
o ab| = |al b]
o |a+ b| < |a| + |b| (archimedian) or

|a+ b| < max{|a|, |b|} (non-archimedian)

o The well-known absolute value on @ (or on R or on C) is an
archimedian absolute value in the sense of the above definition.

o The trivial absolute value on any field F, defined via |a| = 0 when
a =0 and |a| = 1 otherwise, is a non-archimedian absolute value.
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Let p be a prime number, and define a map |- |, on Q as follows:
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Let p be a prime number, and define a map |- |, on Q as follows:

For r € Q*, write r = p”g with n € Z and p 1 ab and set

n

rlp=p""
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solute Values on QQ & CALGARY

Let p be a prime number, and define a map |- |, on Q as follows:

For r € Q*, write r = p”g with n € Z and p 1 ab and set

rlp=p""

Then | - |, is a non-archimedian absolute value on Q, called the p-adic
absolute value on Q.
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p-Adic Absolute Values on Q & CALGARY

Let p be a prime number, and define a map |- |, on Q as follows:

For r € Q*, write r = p”Z with n € Z and p 1 ab and set

n

|r|p:P7-

Then | - |, is a non-archimedian absolute value on Q, called the p-adic
absolute value on Q.

Theorem (Ostrowski)

The p-adic absolute values, along with the trivial and the ordinary
absolute value, are the only valuations on Q.
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For any field K:

K[x] denotes the ring of polynomials in x with coefficients in K.
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Rational Function Fields §/ CALGARY

For any field K:

K[x] denotes the ring of polynomials in x with coefficients in K.

K(x) denotes the field of rational functions in x with coefficients in K:

= @ X X x| wi X
K() = {2031 £00.£(x) € K] with £(x) 0.
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Notation
For any field K:

K[x] denotes the ring of polynomials in x with coefficients in K.

K(x) denotes the field of rational functions in x with coefficients in K:

= @ X X x| wi X
K() = {2031 £00.£(x) € K] with £(x) 0.

Note that F = K(x) is our first example of an algebraic function field.
More formally:
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Rational Function Fields §/ CALGARY

For any field K:

K[x] denotes the ring of polynomials in x with coefficients in K.

K(x) denotes the field of rational functions in x with coefficients in K:

K(x) = {;(X) | f(x),g(x) € K[x] with g(x) # 0}.

Note that F = K(x) is our first example of an algebraic function field.
More formally:

Definition

A rational function field F/K is a field F of the form F = K(x) where
x € F is transcendental over K.
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Fix a constant ¢ € R, ¢ > 1, and let r(x) € K(x) be nonzero.
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Absolute Values on K(x) @ CALGARY

Fix a constant ¢ € R, ¢ > 1, and let r(x) € K(x) be nonzero.
p-adic absolute values on K(x):

Let p(x) be any monic irreducible polynomial in K[x], and write
r(x) = p(x)"a(x)/b(x) with n € Z and p(x) t a(x)b(x).
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Absolute Values on K(x) @ CALGARY

Fix a constant ¢ € R, ¢ > 1, and let r(x) € K(x) be nonzero.

p-adic absolute values on K(x):
Let p(x) be any monic irreducible polynomial in K[x], and write
r(x) = p(x)"a(x)/b(x) with n € Z and p(x) t a(x)b(x). Define

r()lpy = ¢
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Fix a constant ¢ € R, ¢ > 1, and let r(x) € K(x) be nonzero.

p-adic absolute values on K(x):

Let p(x) be any monic irreducible polynomial in K[x], and write
r(x) = p(x)"a(x)/b(x) with n € Z and p(x) t a(x)b(x). Define

r()lpy = ¢

Then | - |5« is @ non-archimedian absolute value on K(x).
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Absolute Values on K(x) W CALGARY

Fix a constant ¢ € R, ¢ > 1, and let r(x) € K(x) be nonzero.

p-adic absolute values on K(x):

Let p(x) be any monic irreducible polynomial in K[x], and write

r(x) = p(x)"a(x)/b(x) with n € Z and p(x) t a(x)b(x). Define
[rC)p(x) = <"

Then | - |5« is @ non-archimedian absolute value on K(x).

Infinite absolute value on K(x):
Write r(x) = f(x)/g(x) and define

()] oo = cde8(f)—degle)
Then | - |« is a non-archimedian absolute value on K(x).
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Remarks on Absolute Values on K(x) @ CALGARY

o These, plus the trivial absolute value, are essentially all the absolute
values on K(x)
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Remarks on Absolute Values on K(x) @ CALGARY

o These, plus the trivial absolute value, are essentially all the absolute
values on K(x), up to trivial modifications such as

» using a different constant c,

» using a different normalization on the irreducible polynomials
p(x).
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Remarks on Absolute Values on K(x) @ CALGARY

o These, plus the trivial absolute value, are essentially all the absolute
values on K(x), up to trivial modifications such as

» using a different constant c,

» using a different normalization on the irreducible polynomials
p(x).

o All absolute values on K(x) are non-archimedian (different from Q!)
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Remarks on Absolute Values on K(x) @ CALGARY

o These, plus the trivial absolute value, are essentially all the absolute
values on K(x), up to trivial modifications such as

» using a different constant c,
» using a different normalization on the irreducible polynomials
p(x).

o All absolute values on K(x) are non-archimedian (different from Q!)

@ When K = [ is a finite field of order g, one usually chooses ¢ = g.
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Remarks on Absolute Values on K(x) @ CALGARY

o These, plus the trivial absolute value, are essentially all the absolute
values on K(x), up to trivial modifications such as

» using a different constant c,
» using a different normalization on the irreducible polynomials
p(x).

o All absolute values on K(x) are non-archimedian (different from Q!)
@ When K = [ is a finite field of order g, one usually chooses ¢ = g.

o When K is a field of characteristic 0, one usually chooses
c=e=2.71828....
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A valuation on F isa map v : F — R U {oo} such that for all a,b € F:

o v(a) =occ if and only if a=0
o v(ab) = v(a) + v(b)
o v(a-+ b) > min{v(a), v(b)}
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A valuation on F isa map v : F — R U {oo} such that for all a,b € F:

o v(a) =occ if and only if a=0
o v(ab) = v(a) + v(b)
o v(a-+ b) > min{v(a), v(b)}

The pair (F, v) is called a valued field.
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Valuations CALGARY

Definition
A valuation on F isa map v : F — R U {oo} such that for all a,b € F:

o v(a) =occ if and only if a=0
o v(ab) = v(a) + v(b)
o v(a-+ b) > min{v(a), v(b)}

The pair (F, v) is called a valued field.

(Here, 0o > 0o > nand oo+ 00 =00+ n=oc for all n € Z.)
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Valuations CALGARY

Definition
A valuation on F isa map v : F — R U {oo} such that for all a,b € F:

o v(a)=occifand only if a=0
o v(ab) = v(a) + v(b)
o v(a-+ b) > min{v(a), v(b)}

The pair (F, v) is called a valued field.

(Here, 0o > 0o > nand oo+ 00 =00+ n=oc for all n € Z.)

Let ¢ > 1 be any constant. Then v is a valuation on F if and only if
|| := c¢=¥0) is a non-archimedian absolute value on F (with ¢~ :=0).
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o Trivial valuation: for any a € F, define v(a) = oo when a =0 and
v(a) = 0 otherwise. Then v is a valuation on F.
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o Trivial valuation: for any a € F, define v(a) = oo when a =0 and
v(a) = 0 otherwise. Then v is a valuation on F.

e p-adic valuations on Q: for any prime p and r = p"a/b € Q*,
define v,,(r) = n. Then v, is a valuation on Q.
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o Trivial valuation: for any a € F, define v(a) = oo when a =0 and
v(a) = 0 otherwise. Then v is a valuation on F.

e p-adic valuations on Q: for any prime p and r = p"a/b € Q*,
define v,,(r) = n. Then v, is a valuation on Q.

e p-adic valuations on K(x): for any monic irreducible polynomial
p(x) € K[x] and r(x) = p(x)"a(x)/b(x) € K(x)*, define
Vp(x)(r(x)) = n. Then vy, is a valuation on K(x).
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o Trivial valuation: for any a € F, define v(a) = oo when a =0 and
v(a) = 0 otherwise. Then v is a valuation on F.

e p-adic valuations on Q: for any prime p and r = p"a/b € Q*,
define v,,(r) = n. Then v, is a valuation on Q.

e p-adic valuations on K(x): for any monic irreducible polynomial
p(x) € K[x] and r(x) = p(x)"a(x)/b(x) € K(x)*, define

Vp(x)(r(x)) = n. Then vy, is a valuation on K(x).

o Infinite valuation on K(x): for r(x) = f(x)/g(x) € K(x)*, define
Voo (r(x)) = deg(g) — deg(f). Then v is a valuation on K(x).
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Definition

A valuation v is discrete if it takes on values in Z U {oco}
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More on Valuations & CALGARY

Definition

A valuation v is discrete if it takes on values in Z U {co} and normalized if
there exists an element u € F with v(u) = 1.
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More on Valuations §/ CALGARY

Definition

A valuation v is discrete if it takes on values in Z U {co} and normalized if
there exists an element u € F with v(u) = 1. Such an element v is a
uniformizer (or prime element) for v.
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Definition

A valuation v is discrete if it takes on values in Z U {co} and normalized if
there exists an element u € F with v(u) = 1. Such an element v is a
uniformizer (or prime element) for v.

Remarks
o All four valuations from the previous slide are discrete.
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Definition

A valuation v is discrete if it takes on values in Z U {co} and normalized if
there exists an element u € F with v(u) = 1. Such an element v is a
uniformizer (or prime element) for v.

Remarks
o All four valuations from the previous slide are discrete.
o Every p-adic valuation on @ is normalized with uniformizer p.
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Definition

A valuation v is discrete if it takes on values in Z U {co} and normalized if
there exists an element u € F with v(u) = 1. Such an element v is a
uniformizer (or prime element) for v.

Remarks
o All four valuations from the previous slide are discrete.
o Every p-adic valuation on @ is normalized with uniformizer p.
o Every p-adic valuation on K(x) is normalized with uniformizer p(x).
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More on Valuations & CALGARY

Definition
A valuation v is discrete if it takes on values in Z U {co} and normalized if

there exists an element u € F with v(u) = 1. Such an element v is a
uniformizer (or prime element) for v.

Remarks
o All four valuations from the previous slide are discrete.
o Every p-adic valuation on @ is normalized with uniformizer p.
o Every p-adic valuation on K(x) is normalized with uniformizer p(x).
@ The infinite valuation on K(x) is normalized with uniformizer 1/x.
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More on Valuations §/ CALGARY

Definition
A valuation v is discrete if it takes on values in Z U {co} and normalized if

there exists an element u € F with v(u) = 1. Such an element v is a
uniformizer (or prime element) for v.

Remarks

o All four valuations from the previous slide are discrete.
Every p-adic valuation on Q is normalized with uniformizer p.
Every p-adic valuation on K(x) is normalized with uniformizer p(x).
The infinite valuation on K(x) is normalized with uniformizer 1/x.
The p-adic and infinite valuations on K(x) all satisfy v(a) = 0 for all
a € K*. They constitute all the valuations on K(x) with that
property.

®© 6 0 o
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More on Valuations §/ CALGARY

Definition
A valuation v is discrete if it takes on values in Z U {co} and normalized if

there exists an element u € F with v(u) = 1. Such an element v is a
uniformizer (or prime element) for v.

Remarks
o All four valuations from the previous slide are discrete.
o Every p-adic valuation on @ is normalized with uniformizer p.
o Every p-adic valuation on K(x) is normalized with uniformizer p(x).
@ The infinite valuation on K(x) is normalized with uniformizer 1/x.
o The p-adic and infinite valuations on K(x) all satisfy v(a) = 0 for all

a € K*. They constitute all the valuations on K(x) with that
property.

A discrete valuation is normalized if and only if it is surjective.
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For a discretely valued field (F, v), define the following subsets of F:
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Valuation Rings CALGARY

For a discretely valued field (F, v), define the following subsets of F:
O, ={a€ F|v(a) >0},
0, ={ac Flv(a) =0}
P,={ac F|v(a)>0}=0,)\ 0.
F,=0./P,.
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Valuation Rings CALGARY

For a discretely valued field (F, v), define the following subsets of F:
O, ={a€ F|v(a) >0},
0, ={ac Flv(a) =0}
P,={ac F|v(a)>0}=0,)\ 0.
F,=0./P,.

Properties:

o O, is an integral domain and a discrete valuation ring, i.e. O, ; F
and for a € F*, we have a€ O, or a1 € O,.
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Valuation Rings CALGARY

For a discretely valued field (F, v), define the following subsets of F:
O, ={a€ F|v(a) >0},
0, ={acF|v(a) =0},
P,={ac F|v(a)>0}=0,)\ 0.
F, = O,/P..
Properties:
o O, is an integral domain and a discrete valuation ring, i.e. O, ; F

and for a € F*, we have a€ O, or a1 € O,.
o Oj is the unit group of O,.
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For a discretely valued field (F, v), define the following subsets of F:
O, ={a€ F|v(a) >0},
0, ={acF|v(a) =0},
P,={ac F|v(a)>0}=0,)\ 0.
F, =0,/P,.

Properties:

o O, is an integral domain and a discrete valuation ring, i.e. O, ; F
and for a € F*, we have a€ O, or a1 € O,.

o Oj is the unit group of O,.
@ P, is the unique maximal ideal of O,;
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For a discretely valued field (F, v), define the following subsets of F:
O, ={a€ F|v(a) >0},
0, ={ae F|v(a) =0},
P,={aceF|v(a)>0}=0,\0;.
F, =0,/P,.
Properties:
@ O, is an integral domain and a discrete valuation ring, i.e. O, ; F
and for a € F*, we have a€ O, or a1 € O,.
o Oj is the unit group of O,.

@ P, is the unique maximal ideal of O,; in particular, F, is a field called
the residue field of v.
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For a discretely valued field (F, v), define the following subsets of F:
O, ={a€ F|v(a) >0},
O, ={ac F|v(a) =0},
P,={aceF|v(a)>0}=0,\0;.
F,=0./P,.

Properties:

@ O, is an integral domain and a discrete valuation ring, i.e. O, ; F
and for a€ F*, we have ac O, or a1 € O,.

o Oj is the unit group of O,.

@ P, is the unique maximal ideal of O,; in particular, F, is a field called
the residue field of v.

o Every a € F* has a unique representation a = cu” with ¢ € O} and
n=v(a) € Z.
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Valuation Rings CALGARY

For a discretely valued field (F, v), define the following subsets of F:
O, ={a€ F|v(a) >0},
O, ={ac F|v(a) =0},
P,={aceF|v(a)>0}=0,\0;.
F,=0./P,.

Properties:

@ O, is an integral domain and a discrete valuation ring, i.e. O, ; F
and for a€ F*, we have ac O, or a1 € O,.

o Oj is the unit group of O,.

@ P, is the unique maximal ideal of O,; in particular, F, is a field called
the residue field of v.

o Every a € F* has a unique representation a = cu” with ¢ € O} and
n=v(a) € Z.

@ O, is principal ideal domain whose ideals are generated by the
non-negative powers of u; in particular, u is a generator of P, .
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Example: p-Adic Valuations CALGARY

For any p-adic valuation v, on Q:
O, ={reQ|r=a/bwith gcd(a,b) =1 and p 1 b}
0y, ={re€ Q| r=a/bwith ged(a,b) =1 and p { ab}
P, ={reQ|r=a/bwith ged(a,b) =1, p|a, pfb}
F,, =F,.

P
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UNIVERSITY OF

Example: p-Adic Valuations & CALGARY

For any p-adic valuation v, on Q:
O, ={reQ|r=a/bwith gcd(a,b) =1 and p 1 b}
0y, ={re€ Q| r=a/bwith ged(a,b) =1 and p { ab}
P, ={reQ|r=a/bwith ged(a,b) =1, p|a, pfb}
F,, =F,.

P

Similarly, for any p-adic valuation v,y on K(x):
Ouyy = {r(x) € K(x) | r(x) = a(x)/b(x) with ged(a,b) = 1, p(x) { b(x)}
Otp(x) = {r(x) € K(x) | r(x) = a(x)/b(x) with gcd(a,b) =1,
p(x) 1 a(x)b(x)}
Puyy = {r(x) € K(x) | (x) = a(x)/b(x) with gcd(a,b) =1,
p(x) | a(x), p(x) 1 b(x)}
Fup = K[x]/(p(x)) where (p(x)) is the K[x]-ideal generated by p(x)
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Example: Infinite Valuation on K(x) @ CALGARY

For the infinite valuation v on K(x):

Oy, = {r(x) € K(x) | r(x) = f(x)/g(x) with deg(f) < deg(g)}
0y, ={r(x) € K(x) | r(x) = f(x)/g(x) with deg(f) = deg(g)}
P, = {r(x) € K(x) | (x) = f(x)/g(x) with deg(f) < deg(g)}

F.. =K
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Example: Infinite Valuation on K(x) @ CALGARY

For the infinite valuation v on K(x):

Oy, = {r(x) € K(x) | r(x) = f(x)/g(x) with deg(f) < deg(g)}
0y, ={r(x) € K(x) | r(x) = f(x)/g(x) with deg(f) = deg(g)}
P, = {r(x) € K(x) | (x) = f(x)/g(x) with deg(f) < deg(g)}

F.. =K

We will henceforth write Oy, Poo, Foo for brevity.
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Example: Infinite Valuation on K(x) @ CALGARY

For the infinite valuation v on K(x):

Oy, = {r(x) € K(x) | r(x) = f(x)/g(x) with deg(f) < deg(g)}
0y, ={r(x) € K(x) | r(x) = f(x)/g(x) with deg(f) = deg(g)}
P, = {r(x) € K(x) | (x) = f(x)/g(x) with deg(f) < deg(g)}

F.. =K

We will henceforth write Oy, Poo, Foo for brevity.

< x—7 )_
“\2x3+3x/)
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Example: Infinite Valuation on K(x) @ CALGARY

For the infinite valuation v on K(x):

Oy, = {r(x) € K(x) | r(x) = f(x)/g(x) with deg(f) < deg(g)}
0y, ={r(x) € K(x) | r(x) = f(x)/g(x) with deg(f) = deg(g)}
P, = {r(x) € K(x) | (x) = f(x)/g(x) with deg(f) < deg(g)}

F.. =K

We will henceforth write Oy, Poo, Foo for brevity.

x—7 x—17 1\2 x3—7x2

ol =————] =2 and ——— = | — - —
2x3 + 3x 2x3 + 3x X 2x3+3
—_———

€ 0%,
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CALGARY

Definition

A place of F is the unique maximal ideal of a discrete valuation ring in F.
The set of places of F is denoted P(F).
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Definition

A place of F is the unique maximal ideal of a discrete valuation ring in F.
The set of places of F is denoted P(F).

Theorem

There is a one-to-one correspondence between the set of normalized
discrete valuations on F and the set P(F) of places of F as follows:
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Places CALGARY

Definition

A place of F is the unique maximal ideal of a discrete valuation ring in F.
The set of places of F is denoted P(F).

Theorem

There is a one-to-one correspondence between the set of normalized
discrete valuations on F and the set P(F) of places of F as follows:

o If v is a normalized discrete valuation on F, then P, € P(F) is the
unique maximal ideal in the discrete valuation ring O,.

o'
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Places CALGARY

Definition

A place of F is the unique maximal ideal of a discrete valuation ring in F.
The set of places of F is denoted P(F).

Theorem

There is a one-to-one correspondence between the set of normalized
discrete valuations on F and the set P(F) of places of F as follows:

o If v is a normalized discrete valuation on F, then P, € P(F) is the
unique maximal ideal in the discrete valuation ring O,.

o If P is a place of F, then the discrete valuation ring O C F
containing P as its unique maximal ideal is determined, and P defines
a discrete normalized valuation on F as follows:

o'
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Places CALGARY

Definition

A place of F is the unique maximal ideal of a discrete valuation ring in F.
The set of places of F is denoted P(F).

Theorem

There is a one-to-one correspondence between the set of normalized
discrete valuations on F and the set P(F) of places of F as follows:

o If v is a normalized discrete valuation on F, then P, € P(F) is the
unique maximal ideal in the discrete valuation ring O,.

o If P is a place of F, then the discrete valuation ring O C F
containing P as its unique maximal ideal is determined, and P defines
a discrete normalized valuation on F as follows: if u is any generator
of P, then every element a € F* has a unique representation a = eu”
with n € Z and € a unit in O, and we define v(a) = n and v(0) = co.
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Places CALGARY

Definition

A place of F is the unique maximal ideal of a discrete valuation ring in F.
The set of places of F is denoted P(F).

Theorem

There is a one-to-one correspondence between the set of normalized
discrete valuations on F and the set P(F) of places of F as follows:

o If v is a normalized discrete valuation on F, then P, € P(F) is the
unique maximal ideal in the discrete valuation ring O,.

o If P is a place of F, then the discrete valuation ring O C F
containing P as its unique maximal ideal is determined, and P defines
a discrete normalized valuation on F as follows: if u is any generator
of P, then every element a € F* has a unique representation a = eu”
with n € Z and € a unit in O, and we define v(a) = n and v(0) = co.
Note that u is a uniformizer for v.
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Examples of Places & CALGARY

For any prime number p, the set
P={reQ|r=a/bwith gcd(a,b) =1, p|a, ptb} =P,

is a place of Q with corresponding valuation v,.
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Examples of Places & CALGARY

For any prime number p, the set
P={reQ|r=a/bwith gcd(a,b) =1, p|a, ptb} =P,

is a place of Q with corresponding valuation v,.

The set P(K(x)) consists of the finite places of K(x) of the form
Ppx) = Pu,,, where p(x) is a monic irreducible polynomial in K[x] and

the infinite place of K(x) of the form Py, = P,__.
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Examples of Places & CALGARY

For any prime number p, the set
P={reQ|r=a/bwith gcd(a,b) =1, p|a, ptb} =P,
is a place of Q with corresponding valuation v,.
The set P(K(x)) consists of the finite places of K(x) of the form
P,y = Py ., where p(x) is a monic irreducible polynomial in K[x] and
P(x) p(x)

the infinite place of K(x) of the form Py, = P,__.

Let F/Q be a number field with ring of integers OF (the integral closure
of Z in F). Then every prime ideal in OFf is a place of F.
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Examples of Places & CALGARY

For any prime number p, the set
P={reQ|r=a/bwith gcd(a,b) =1, p|a, ptb} =P,

is a place of Q with corresponding valuation v,.

The set P(K(x)) consists of the finite places of K(x) of the form
Ppx) = Pu,,, where p(x) is a monic irreducible polynomial in K[x] and
the infinite place of K(x) of the form Py, = P,__.

Let F/Q be a number field with ring of integers OF (the integral closure
of Z in F). Then every prime ideal in OFf is a place of F.

Let F be a finite algebraic extension of Fq(x) and let Of be the integral
closure of the polynomial ring Fq[x] in F. Then every prime ideal in OF is
a place of K.
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Examples of Places & CALGARY

For any prime number p, the set
P={reQ|r=a/bwith gcd(a,b) =1, p|a, ptb} =P,

is a place of Q with corresponding valuation v,.

The set P(K(x)) consists of the finite places of K(x) of the form
Ppx) = Pu,,, where p(x) is a monic irreducible polynomial in K[x] and
the infinite place of K(x) of the form Py, = P,__.

Let F/Q be a number field with ring of integers OF (the integral closure
of Z in F). Then every prime ideal in OFf is a place of F.

Let F be a finite algebraic extension of Fq(x) and let Of be the integral
closure of the polynomial ring Fq[x] in F. Then every prime ideal in OF is
a place of K. Note that there are other places of F that do not arise in
this way (more on this later).
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Function Fields CALGARY

Definition

Let K be a field. An algebraic function field F/K in one variable over K is

a field extension F D K such that F is finite algebraic extension of K(x)
for some x € F that is transcendental over K.
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Function Fields CALGARY

Definition

Let K be a field. An algebraic function field F/K in one variable over K is
a field extension F D K such that F is finite algebraic extension of K(x)
for some x € F that is transcendental over K. F/K is global if K is finite.
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Function Fields CALGARY

Definition

Let K be a field. An algebraic function field F/K in one variable over K is
a field extension F D K such that F is finite algebraic extension of K(x)
for some x € F that is transcendental over K. F/K is global if K is finite.

We will shorten this terminology to just “function field".
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Function Fields CALGARY

Definition

Let K be a field. An algebraic function field F/K in one variable over K is
a field extension F D K such that F is finite algebraic extension of K(x)
for some x € F that is transcendental over K. F/K is global if K is finite.

We will shorten this terminology to just “function field".

In other words, a function field is of the form F = K(x,y) where
@ x € F is transcendental over K,
@ y € F is algebraic over K(x), so there exists a monic irreducible
polynomial ¢(Y) € K(x)[Y] of degree n = [F : K(x)] with ¢(y) = 0.
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Function Fields CALGARY

Definition
Let K be a field. An algebraic function field F/K in one variable over K is

a field extension F D K such that F is finite algebraic extension of K(x)
for some x € F that is transcendental over K. F/K is global if K is finite.

We will shorten this terminology to just “function field".

In other words, a function field is of the form F = K(x,y) where
@ x € F is transcendental over K,

@ y € F is algebraic over K(x), so there exists a monic irreducible
polynomial ¢(Y) € K(x)[Y] of degree n = [F : K(x)] with ¢(y) = 0.

It is important to note that there are many choices for x, and the degree
[F : K(x)] may change with the choice of x. This is different from number
fields where the degree over Q is fixed.
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Examples of Function Fields & CALGARY

A function field is rational if F = K(x) for some element x € F that is
transcendental over K.
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A function field is rational if F = K(x) for some element x € F that is
transcendental over K.

The meromorphic functions on a compact Riemann surface form a
function field over C (the complex numbers).
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Examples of Function Fields & CALGARY

A function field is rational if F = K(x) for some element x € F that is
transcendental over K.

The meromorphic functions on a compact Riemann surface form a
function field over C (the complex numbers).

Let £ : y?> = x3 4+ Ax + B be an elliptic curve defined over a field K of
characteristic different from 2 and 3. Then F = K(x, y) is a function field
over K.
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Examples of Function Fields & CALGARY

A function field is rational if F = K(x) for some element x € F that is
transcendental over K.

The meromorphic functions on a compact Riemann surface form a
function field over C (the complex numbers).

Let £ : y?> = x3 4+ Ax + B be an elliptic curve defined over a field K of
characteristic different from 2 and 3. Then F = K(x, y) is a function field
over K. Note that [F : K(x)] =2 and [F : K(y)] = 3.
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Examples of Function Fields & CALGARY

A function field is rational if F = K(x) for some element x € F that is
transcendental over K.

The meromorphic functions on a compact Riemann surface form a
function field over C (the complex numbers).

Let £ : y?> = x3 4+ Ax + B be an elliptic curve defined over a field K of
characteristic different from 2 and 3. Then F = K(x, y) is a function field
over K. Note that [F : K(x)] =2 and [F : K(y)] = 3.

More generally, consider the curve y? = f(x) where f(x) € K[x] is a
square-free polynomial and K has characteristic different from 2. Then
F = K(x,y) is a function field over K whose elements are of the form

F ={a(x)+ b(x)y |a(x),b(x) € K(x) }.
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Examples of Function Fields & CALGARY

A function field is rational if F = K(x) for some element x € F that is
transcendental over K.

The meromorphic functions on a compact Riemann surface form a
function field over C (the complex numbers).

Let £ : y?> = x3 4+ Ax + B be an elliptic curve defined over a field K of
characteristic different from 2 and 3. Then F = K(x, y) is a function field
over K. Note that [F : K(x)] =2 and [F : K(y)] = 3.

More generally, consider the curve y? = f(x) where f(x) € K[x] is a
square-free polynomial and K has characteristic different from 2. Then
F = K(x,y) is a function field over K whose elements are of the form

F={a(x)+b(x)y |a(x),b(x) € K(x)}.
Note that [F : K(x)] =2 and [F : K(y)] = deg(f).
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Definition

A plane affine irreducible algebraic curve over a field K is the zero locus of
an irreducible polynomial ®(x, Y') in two variables with coefficients in K.
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Function Fields of Curves & CALGARY

Definition
A plane affine irreducible algebraic curve over a field K is the zero locus of
an irreducible polynomial ®(x, Y') in two variables with coefficients in K.

We will shorten this terminology to just “curve”.
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Function Fields of Curves §/ CALGARY

Definition
A plane affine irreducible algebraic curve over a field K is the zero locus of
an irreducible polynomial ®(x, Y') in two variables with coefficients in K.

We will shorten this terminology to just “curve”.

Definition

The coordinate ring of a curve C : ®(x,y) = 0 over a field K is the ring
Klx, Y]/(®(x,Y)) where (®(x, Y)) is the principal K[x, Y]-ideal
generated by ®(x, Y).
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Function Fields of Curves §/ CALGARY

Definition
A plane affine irreducible algebraic curve over a field K is the zero locus of
an irreducible polynomial ®(x, Y') in two variables with coefficients in K.

We will shorten this terminology to just “curve”.

Definition

The coordinate ring of a curve C : ®(x,y) = 0 over a field K is the ring
Klx, Y]/(®(x,Y)) where (®(x, Y)) is the principal K[x, Y]-ideal
generated by ®(x, Y).

The function field of C is the field of fractions of its coordinate ring.
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Function Fields of Curves §/ CALGARY

Definition

A plane affine irreducible algebraic curve over a field K is the zero locus of
an irreducible polynomial ®(x, Y') in two variables with coefficients in K.

We will shorten this terminology to just “curve”.

Definition

The coordinate ring of a curve C : ®(x,y) = 0 over a field K is the ring
Klx, Y]/(®(x,Y)) where (®(x, Y)) is the principal K[x, Y]-ideal
generated by ®(x, Y).

The function field of C is the field of fractions of its coordinate ring.

Remark: The function field of a curve is a function field as defined
previously.
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Function Fields of Curves §/ CALGARY

Definition

A plane affine irreducible algebraic curve over a field K is the zero locus of
an irreducible polynomial ®(x, Y') in two variables with coefficients in K.

We will shorten this terminology to just “curve”.

Definition

The coordinate ring of a curve C : ®(x,y) = 0 over a field K is the ring
Klx, Y]/(®(x,Y)) where (®(x, Y)) is the principal K[x, Y]-ideal
generated by ®(x, Y).

The function field of C is the field of fractions of its coordinate ring.

Remark: The function field of a curve is a function field as defined
previously. Conversely, every function field F/K is the function field of the
curve given by a minimal polynomial of F/K(x).
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More on Function Fields and Curves & CALGARY

General form of a function field F/K:
F=K(x,y) with ®(x,y)=0,

where ®(x, Y) is a polynomial in Y with coefficients in K(x) that is
irreducible over K(x) and has a root y € F.

Renate Scheidler (Calgary) Function Fields PIMS NT Summer School 21/95



- a
More on Function Fields and Curves & CALGARY

General form of a function field F/K:
F=K(x,y) with ®(x,y)=0,

where ®(x, Y) is a polynomial in Y with coefficients in K(x) that is
irreducible over K(x) and has a root y € F.

Note that a function field has many defining curves!
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More on Function Fields and Curves & CALGARY

General form of a function field F/K:
F=K(x,y) with ®(x,y)=0,

where ®(x, Y) is a polynomial in Y with coefficients in K(x) that is
irreducible over K(x) and has a root y € F.

Note that a function field has many defining curves!
Example: Let A, B € K and consider the two curves

Ci:y’=x>+Ax+ B,
G:v?=Bu*+ Al +u.

Then K(x,y) = K(u, v).
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More on Function Fields and Curves §/ CALGARY

General form of a function field F/K:
F=K(x,y) with ®(x,y)=0,

where ®(x, Y) is a polynomial in Y with coefficients in K(x) that is
irreducible over K(x) and has a root y € F.

Note that a function field has many defining curves!
Example: Let A, B € K and consider the two curves

Ci:y’=x>+Ax+ B,
G:v?=Bu*+ Al +u.
Then K(x,y) = K(u, v).

Dividing C; by x* and putting u = x~!

v =yx 2 yields G,.
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Constant Fields CALGARY

The constant field of a function field F/K is the algebraic closure of K in
F, i.e. the field

K ={z € F | z is algebraic over K} .

F/K is a geometric function field if K = K.
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The constant field of a function field F/K is the algebraic closure of K in
F, i.e. the field

K ={z € F | z is algebraic over K} .

F/K is a geometric function field if K = K.

v,

Sometimes K is called the “full” or the “exact” field of constants of F/K.
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Constant Fields CALGARY

The constant field of a function field F/K is the algebraic closure of K in
F, i.e. the field

K ={z € F | z is algebraic over K} .

F/K is a geometric function field if K = K.

”

Sometimes K is called the “full” or the “exact” field of constants of F/K.

KC Kk G F, and every element in F \ K is transcendental over K.
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Constant Fields & CALGARY

The constant field of a function field F/K is the algebraic closure of K in
F, i.e. the field

K ={z € F | z is algebraic over K} .

F/K is a geometric function field if K = K.

Sometimes K is called the “full” or the “exact” field of constants of F/K.

KC Kk G F, and every element in F \ K is transcendental over K.

Write F = K(x,y). Then F/K is a geometric function field if and only if
the minimal polynomial of y over K(x) is absolutely irreducible, i.e.
irreducible over K(x) where K is the algebraic closure of K.
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o K(x)/K is always geometric.
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o K(x)/K is always geometric.

o If K is algebraically closed (e.g. K = C), then any F/K is geometric.
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o K(x)/K is always geometric.
o If K is algebraically closed (e.g. K = C), then any F/K is geometric.
o Let F = K(x,y) where y? = f(x) with f(x) € K[x] square-free.

Then F/K(x) is geometric if and only if f(x) is non-constant
(otherwise K = K(y) and F = K(x)).
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o K(x)/K is always geometric.

o If K is algebraically closed (e.g. K = C), then any F/K is geometric.

o Let F = K(x,y) where y? = f(x) with f(x) € K[x] square-free.
Then F/K(x) is geometric if and only if f(x) is non-constant

(otherwise K = K(y) and F = K(x)).

@ Suppose —1 is not a square in K
(e.g. K=Ror K =F, with ¢ =3 (mod 4)).
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o K(x)/K is always geometric.

o If K is algebraically closed (e.g. K = C), then any F/K is geometric.

o Let F = K(x,y) where y? = f(x) with f(x) € K[x] square-free.
Then F/K(x) is geometric if and only if f(x) is non-constant
(otherwise K = K(y) and F = K(x)).

@ Suppose —1 is not a square in K

(e.g. K=Ror K =F, with ¢ =3 (mod 4)).
Let F = K(x,y) where x> 4+ y* = 0.
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o K(x)/K is always geometric.

o If K is algebraically closed (e.g. K = C), then any F/K is geometric.

o Let F = K(x,y) where y? = f(x) with f(x) € K[x] square-free.
Then F/K(x) is geometric if and only if f(x) is non-constant
(otherwise K = K(y) and F = K(x)).

@ Suppose —1 is not a square in K

(e.g. K=Ror K =F, with ¢ =3 (mod 4)).
Let F = K(x,y) where x? + y* = 0. Then [F : K(x)] = 4.
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o K(x)/K is always geometric.
o If K is algebraically closed (e.g. K = C), then any F/K is geometric.

o Let F = K(x,y) where y? = f(x) with f(x) € K[x] square-free.
Then F/K(x) is geometric if and only if f(x) is non-constant
(otherwise K = K(y) and F = K(x)).

@ Suppose —1 is not a square in K
(e.g. K=Ror K =F, with ¢ =3 (mod 4)).
Let F = K(x,y) where x? + y* = 0. Then [F : K(x)] = 4.
Let i ¢ K be a square root of —1. Then i24+1=0,s0iis algebraic
over K.
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o K(x)/K is always geometric.
o If K is algebraically closed (e.g. K = C), then any F/K is geometric.

o Let F = K(x,y) where y? = f(x) with f(x) € K[x] square-free.
Then F/K(x) is geometric if and only if f(x) is non-constant
(otherwise K = K(y) and F = K(x)).

@ Suppose —1 is not a square in K
(e.g. K=Ror K =F, with ¢ =3 (mod 4)).
Let F = K(x,y) where x? + y* = 0. Then [F : K(x)] = 4.
Let i ¢ K be a square root of —=1. Then i2+1=0,s0 i is algebraic
over K. Thus i€ K\ K.
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o K(x)/K is always geometric.
o If K is algebraically closed (e.g. K = C), then any F/K is geometric.

o Let F = K(x,y) where y? = f(x) with f(x) € K[x] square-free.
Then F/K(x) is geometric if and only if f(x) is non-constant
(otherwise K = K(y) and F = K(x)).

@ Suppose —1 is not a square in K
(e.g. K=Ror K =F, with ¢ =3 (mod 4)).
Let F = K(x,y) where x? + y* = 0. Then [F : K(x)] = 4.
Let i ¢ K be a square root of —1.~Then i24+1=0,s0iis algebraic
over K. Thus i € K\ K. In fact, K = K(i), so F/K is not geometric.
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o K(x)/K is always geometric.
o If K is algebraically closed (e.g. K = C), then any F/K is geometric.

o Let F = K(x,y) where y? = f(x) with f(x) € K[x] square-free.
Then F/K(x) is geometric if and only if f(x) is non-constant
(otherwise K = K(y) and F = K(x)).

@ Suppose —1 is not a square in K
(e.g. K=Ror K =F, with ¢ =3 (mod 4)).
Let F = K(x,y) where x? + y* = 0. Then [F : K(x)] = 4.
Let i ¢ K be a square root of —1.~Then i24+1=0,s0iis algebraic
over K. Thus i € K\ K. In fact, K = K(i), so F/K is not geometric.

Over K, we have x =+ iy? = 0.
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o K(x)/K is always geometric.
o If K is algebraically closed (e.g. K = C), then any F/K is geometric.

o Let F = K(x,y) where y? = f(x) with f(x) € K[x] square-free.
Then F/K(x) is geometric if and only if f(x) is non-constant
(otherwise K = K(y) and F = K(x)).

@ Suppose —1 is not a square in K
(e.g. K=Ror K =F, with ¢ =3 (mod 4)).
Let F = K(x,y) where x? + y* = 0. Then [F : K(x)] = 4.
Let i ¢ K be a square root of —1.~Then i24+1=0,s0iis algebraic
over K. Thus i € K\ K. In fact, K = K(i), so F/K is not geometric.
Over K, we have x =+ iy? = 0.
Note that [K : K] = [K(x) : K(x)] =2 and [F : K(x)] = 2.
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Residue Fields and Degrees @ CALGARY

Recall that a place P of a field F is the unique maximal ideal of some
discrete valuation ring Op of F, and its residue field is Fp = Op/P.
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Recall that a place P of a field F is the unique maximal ideal of some
discrete valuation ring Op of F, and its residue field is Fp = Op/P.

Remark: K C Op for all P € P(F).
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Residue Fields and Degrees @ CALGARY

Recall that a place P of a field F is the unique maximal ideal of some
discrete valuation ring Op of F, and its residue field is Fp = Op/P.

Remark: K C Op for all P € P(F).

Definition

Let F/K be a geometric function field and P a place of F. Then the
degree of P is the field extension degree deg(P) := [Fp : K].
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Residue Fields and Degrees @ CALGARY

Recall that a place P of a field F is the unique maximal ideal of some
discrete valuation ring Op of F, and its residue field is Fp = Op/P.

Remark: K C Op for all P € P(F).

Definition

Let F/K be a geometric function field and P a place of F. Then the
degree of P is the field extension degree deg(P) := [Fp : K]. Places of
degree one are called rational. The set of rational places of F is denoted

P1(F).

Renate Scheidler (Calgary) Function Fields PIMS NT Summer School 24 /95



UNIVERSITY OF

Residue Fields and Degrees @ CALGARY

Recall that a place P of a field F is the unique maximal ideal of some
discrete valuation ring Op of F, and its residue field is Fp = Op/P.

Remark: K C Op for all P € P(F).

Definition

Let F/K be a geometric function field and P a place of F. Then the
degree of P is the field extension degree deg(P) := [Fp : K]. Places of
degree one are called rational. The set of rational places of F is denoted

P1(F).

deg(P) < [F : K(x)] for any x € P, so deg(P) is always finite.
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Example: Residue Fields of Places of K(x) & CALGARY

o For any finite place Py, of K(x), a K—basis of Fp is
{1,x,...,x%8(P)-1} 5o deg(Pp(x)) = deg(p).
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Example: Residue Fields of Places of K(x) & CALGARY

o For any finite place Py, of K(x), a K—basis of Fp is
{1,x,...,x%8(P)-1} 5o deg(Pp(x)) = deg(p).

@ For the infinite place Py, of K(x), we have Fp = K and hence
deg(Ps) = 1.
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Example: Residue Fields of Places of K(x) & CALGARY

o For any finite place Py, of K(x), a K—basis of Fp is
{1,x,...,x%8(P)-1} 5o deg(Pp(x)) = deg(p).

@ For the infinite place Py, of K(x), we have Fp = K and hence
deg(Px) = 1.

e K is algebraically closed if and only if the finite places of K(x)
correspond exactly the linear polynomials x + a with o € K
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Example: Residue Fields of Places of K(x) & CALGARY

o For any finite place Py, of K(x), a K—basis of Fp is
{1,x,...,x%8(P)-1} 5o deg(Pp(x)) = deg(p).

@ For the infinite place Py, of K(x), we have Fp = K and hence
deg(Px) = 1.

e K is algebraically closed if and only if the finite places of K(x)
correspond exactly the linear polynomials x + « with o € K, i.e. if and
only if all the places of K(x) are rational, so P(K(x)) = P1(K(x)).
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Example: Residue Fields of Places of K(x) & CALGARY

o For any finite place Py, of K(x), a K—basis of Fp is
{1,x,...,x%8(P)-1} 5o deg(Pp(x)) = deg(p).

@ For the infinite place Py, of K(x), we have Fp = K and hence
deg(Px) = 1.

e K is algebraically closed if and only if the finite places of K(x)
correspond exactly the linear polynomials x + « with o € K, i.e. if and
only if all the places of K(x) are rational, so P(K(x)) = P1(K(x)).

In this case, there is a one-to-one correspondence between P (K(x))
and the points on the projective line P1(K) := K U {co} via
P(K(x)) +— PYK) via x+a < a, 1/x < oo.

Hence the name ‘infinite place” — think of this as “substituting

x = 0" into the uniformizer.
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Recollection: ldeals in Number Fields §/ CALGARY
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Recollection: ldeals in Number Fields §/ CALGARY

Recall that in a number field:

o Every ideal in the ring of integers has a unique factorization into
prime ideals.
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Recollection: ldeals in Number Fields §/ CALGARY

Recall that in a number field:
o Every ideal in the ring of integers has a unique factorization into
prime ideals.
o By allowing negative exponents, this extends to fractional ideals. So
the prime ideals generate the group of fractional ideals.
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Recollection: ldeals in Number Fields §/ CALGARY

Recall that in a number field:
o Every ideal in the ring of integers has a unique factorization into
prime ideals.
o By allowing negative exponents, this extends to fractional ideals. So
the prime ideals generate the group of fractional ideals.
@ Two non-zero fractional ideals are equivalent if they differ by a factor
that is a principal ideal.
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Recollection: ldeals in Number Fields §/ CALGARY

Recall that in a number field:
o Every ideal in the ring of integers has a unique factorization into
prime ideals.
o By allowing negative exponents, this extends to fractional ideals. So
the prime ideals generate the group of fractional ideals.
@ Two non-zero fractional ideals are equivalent if they differ by a factor
that is a principal ideal.

o The ideal class group is the group of non-zero fractional ideals modulo
(principal) equivalence whose order is class number of the field. It is a
finite abelian group that is an important invariant of the field.
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Recollection: ldeals in Number Fields §/ CALGARY

Recall that in a number field:

o Every ideal in the ring of integers has a unique factorization into
prime ideals.

o By allowing negative exponents, this extends to fractional ideals. So
the prime ideals generate the group of fractional ideals.

@ Two non-zero fractional ideals are equivalent if they differ by a factor
that is a principal ideal.

o The ideal class group is the group of non-zero fractional ideals modulo
(principal) equivalence whose order is class number of the field. It is a
finite abelian group that is an important invariant of the field.

We now consider analogous notions in function fields, with prime ideals

replaced by places, and multiplication (products) replaced by addition
(sums).
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Recollection: ldeals in Number Fields §/ CALGARY

Recall that in a number field:

o Every ideal in the ring of integers has a unique factorization into
prime ideals.

o By allowing negative exponents, this extends to fractional ideals. So
the prime ideals generate the group of fractional ideals.

@ Two non-zero fractional ideals are equivalent if they differ by a factor
that is a principal ideal.

o The ideal class group is the group of non-zero fractional ideals modulo
(principal) equivalence whose order is class number of the field. It is a
finite abelian group that is an important invariant of the field.

We now consider analogous notions in function fields, with prime ideals
replaced by places, and multiplication (products) replaced by addition
(sums).

Assume henceforth that F/K is a geometric function field.
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&) CALGARY

Definition
The Divisor group of F/K, denoted Div(F), is the free group generated by
the places of F/K. Its elements, called divisors of F, are formal finite

sums of places.
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Divisors & CALGARY

Definition

The Divisor group of F/K, denoted Div(F), is the free group generated by
the places of F/K. Its elements, called divisors of F, are formal finite
sums of places.

Let

D= Z npP with np € Z and np = 0 for almost all P € P(F).
PEP(F)

Then
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Divisors & CALGARY

Definition
The Divisor group of F/K, denoted Div(F), is the free group generated by

the places of F/K. Its elements, called divisors of F, are formal finite
sums of places.

Let
D= Z npP with np € Z and np = 0 for almost all P € P(F).

PEP(F)

Then
o the value of D at P is vp(D) := np for any P € P(F).
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Divisors & CALGARY

Definition
The Divisor group of F/K, denoted Div(F), is the free group generated by

the places of F/K. Its elements, called divisors of F, are formal finite
sums of places.

Let

D= Z npP with np € Z and np = 0 for almost all P € P(F).
PEP(F)

Then
o the value of D at P is vp(D) := np for any P € P(F).
o the support of D is supp(D) := {P € P(F) | vp(D) # 0}.
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Divisors & CALGARY

Definition
The Divisor group of F/K, denoted Div(F), is the free group generated by

the places of F/K. Its elements, called divisors of F, are formal finite
sums of places.

Let
D= Z npP with np € Z and np = 0 for almost all P € P(F).
PEP(F)
Then
o the value of D at P is vp(D) := np for any P € P(F).
o the support of D is supp(D) := {P € P(F) | vp(D) # 0}.
o the degree of D is deg(D) := 3> pcp(r) np deg(P).
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Divisors & CALGARY

The Divisor group of F/K, denoted Div(F), is the free group generated by

the places of F/K. Its elements, called divisors of F, are formal finite
sums of places.

Let

D= Z npP with np € Z and np = 0 for almost all P € P(F).
PEP(F)
Then
o the value of D at P is vp(D) := np for any P € P(F).
o the support of D is supp(D) := {P € P(F) | vp(D) # 0}.
o the degree of D is deg(D) := 3> pcp(r) np deg(P).
@ D is a prime divisor if it is of the form D = P for some P € P(F).
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More on Divisors & CALGARY

o Every divisor is a unique sum of finitely many prime divisors (note that
some prime divisors in the support may have negative coefficients).
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More on Divisors & CALGARY

Remarks
o Every divisor is a unique sum of finitely many prime divisors (note that
some prime divisors in the support may have negative coefficients).

@ The notions of value and degree are compatible with their previous
definitions. In particular:
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More on Divisors & CALGARY

o Every divisor is a unique sum of finitely many prime divisors (note that
some prime divisors in the support may have negative coefficients).

@ The notions of value and degree are compatible with their previous
definitions. In particular:
» For any place P of F, the normalized discrete valuation on F
associated to P extends to a surjective group homomorphism
vp : Div(F) = Z U {o0}.
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More on Divisors & CALGARY

o Every divisor is a unique sum of finitely many prime divisors (note that
some prime divisors in the support may have negative coefficients).

@ The notions of value and degree are compatible with their previous
definitions. In particular:

» For any place P of F, the normalized discrete valuation on F
associated to P extends to a surjective group homomorphism
vp : Div(F) = Z U {o0}.

» The degree map defined on places of F extends to a group
homomorphism deg : Div(F) — Z U {oo} whose kernel is the
subgroup Div?(F) of Div(F) consisting of all degree zero divisors.
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More on Divisors & CALGARY

o Every divisor is a unique sum of finitely many prime divisors (note that
some prime divisors in the support may have negative coefficients).

@ The notions of value and degree are compatible with their previous
definitions. In particular:

» For any place P of F, the normalized discrete valuation on F
associated to P extends to a surjective group homomorphism
vp : Div(F) = Z U {o0}.

» The degree map defined on places of F extends to a group
homomorphism deg : Div(F) — Z U {oo} whose kernel is the
subgroup Div?(F) of Div(F) consisting of all degree zero divisors.

o F. K. Schmidt proved that every function field F over a finite field
K = [F4 has a divisor of degree one, so in this case, the degree
homomorphism on Div(F) is surjective.
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Definition
A divisor D € Div(F) is principal if it is of the form

D= Y vp(2)P

PeP(F)

for some z € F*.
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Principal Divisors CALGARY

Definition
A divisor D € Div(F) is principal if it is of the form
D= Z vp(z)P
PEP(F)
for some z € F*. Write D = div(z).
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Principal Divisors & CALGARY

Definition
A divisor D € Div(F) is principal if it is of the form
D= Z vp(z)P
PEP(F)
for some z € F*. Write D = div(z).

Definition

The zero divisor and pole divisor of a principal divisor div(z) are the
respective divisors

div(z)o = Z vp(z)P div(z)oe = — Z vp(z)P .

vp(z)>0 vp(z)<0
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Principal Divisors CALGARY

Definition

A divisor D € Div(F) is principal if it is of the form
D= Z vp(z)P
PEP(F)
for some z € F*. Write D = div(z).

Definition

The zero divisor and pole divisor of a principal divisor div(z) are the
respective divisors

div(z)o = Z vp(z)P div(z)oe = — Z vp(z)P .

vp(z)>0 vp(z)<0

So div(z) = div(z)g — div(z)so-
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Principal Divisors CALGARY

Definition
A divisor D € Div(F) is principal if it is of the form
D= Z vp(z)P
PEP(F)
for some z € F*. Write D = div(z).

Definition

The zero divisor and pole divisor of a principal divisor div(z) are the
respective divisors

div(z)o = Z vp(z)P div(z)oe = — Z vp(z)P .

vp(z)>0 vp(z)<0

So div(z) = div(z)g — div(z)so-

Example: In F = K(x), we have div(x)o = Px and div(x)s = Pwo.
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More on Principal Divisors & CALGARY

Let x € F\ K. Then deg(div(x)o) = deg(div(x)s) = [F : K(x)].
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CALGARY

Let x € F\ K. Then deg(div(x)o) = deg(div(x)s) = [F : K(x)].

It follows that deg(div(z)) = 0, so the principal divisors form a subgroup
of Div?(F), denoted Prin(F).
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More on Principal Divisors ) CALGARY

Let x € F\ K. Then deg(div(x)o) = deg(div(x)s) = [F : K(x)].

It follows that deg(div(z)) = 0, so the principal divisors form a subgroup
of Div?(F), denoted Prin(F).

Definition

Two divisors Dy, D> € Div(F) are (linearly) equivalent, denoted D; ~ Dy,
if D1 — Dy € Prin(F).
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More on Principal Divisors & CALGARY

Let x € F\ K. Then deg(div(x)o) = deg(div(x)s) = [F : K(x)].

It follows that deg(div(z)) = 0, so the principal divisors form a subgroup
of Div?(F), denoted Prin(F).

Definition

Two divisors Dy, D> € Div(F) are (linearly) equivalent, denoted D; ~ Dy,
if D1 — Dy € Prin(F).

Remark and Notation

Linear equivalence is an equivalence relation. The class of a divisor D
under linear equivalence is denoted [D].
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Class Group and Zero Class Group ) CALGARY

The factor groups

CI(F) = Div(F)/ Prin(F) and  CI°(F) = DV°(F)/ Prin(F)

are the divisor class group and the degree zero divisor class group of F/K,
respectively.
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Class Group and Zero Class Group ) CALGARY

The factor groups

CI(F) = Div(F)/ Prin(F) and  CI°(F) = DV°(F)/ Prin(F)

are the divisor class group and the degree zero divisor class group of F/K,

respectively. (Usually the latter is referred to as just the class group of
F/K.)
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Class Group and Zero Class Group & CALGARY

The factor groups

CI(F) = Div(F)/ Prin(F) and  CI°(F) = DV°(F)/ Prin(F)

are the divisor class group and the degree zero divisor class group of F/K,

respectively. (Usually the latter is referred to as just the class group of
F/K.)

Remarks and Definition

o Both CI(F) and CI°(F) are abelian groups.
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Class Group and Zero Class Group & CALGARY

The factor groups

CI(F) = Div(F)/ Prin(F) and  CI°(F) = DV°(F)/ Prin(F)

are the divisor class group and the degree zero divisor class group of F/K,

respectively. (Usually the latter is referred to as just the class group of
F/K.)

Remarks and Definition

o Both CI(F) and CI°(F) are abelian groups.
o CI(F) is always infinite, but CI°(F) may or may not be infinite.
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Class Group and Zero Class Group ) CALGARY

The factor groups

CI(F) = Div(F)/ Prin(F) and  CI°(F) = DV°(F)/ Prin(F)

are the divisor class group and the degree zero divisor class group of F/K,

respectively. (Usually the latter is referred to as just the class group of
F/K.)

Remarks and Definition

o Both CI(F) and CI°(F) are abelian groups.

o CI(F) is always infinite, but CI°(F) may or may not be infinite. It it is
finite, then the order hf is called the class number of F/K.
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Class Group and Zero Class Group ) CALGARY

The factor groups

CI(F) = Div(F)/ Prin(F) and  CI°(F) = DV°(F)/ Prin(F)

are the divisor class group and the degree zero divisor class group of F/K,

respectively. (Usually the latter is referred to as just the class group of
F/K.)

Remarks and Definition

o Both CI(F) and CI°(F) are abelian groups.

o CI(F) is always infinite, but CI°(F) may or may not be infinite. It it is
finite, then the order hf is called the class number of F/K.

o hg is always finite for a function field F/K over a finite field K.
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Class Group and Zero Class Group & CALGARY

The factor groups

CI(F) = Div(F)/ Prin(F) and  CI°(F) = DV°(F)/ Prin(F)

are the divisor class group and the degree zero divisor class group of F/K,

respectively. (Usually the latter is referred to as just the class group of
F/K.)

Remarks and Definition

o Both CI(F) and CI°(F) are abelian groups.

o CI(F) is always infinite, but CI°(F) may or may not be infinite. It it is
finite, then the order hf is called the class number of F/K.

o hg is always finite for a function field F/K over a finite field K.
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Rational Places and the Class Group CALGARY

CALGARY

Theorem

Let F/K be a non-rational function field that has a rational place,
denoted P,,. Then the map

& :Py(F) = CI%F) via P [P—Py]

is injective.
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Rational Places and the Class Group &) CALGARY

Theorem

Let F/K be a non-rational function field that has a rational place,
denoted P,,. Then the map

& :Py(F) = CI%F) via P [P—Py]

is injective.

The above embedding imposes an abelian group structure on P1(F).
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Rational Places and the Class Group § CALGARY

Theorem

Let F/K be a non-rational function field that has a rational place,
denoted P,,. Then the map

& :Py(F) = CI%F) via P [P—Py]

is injective.

The above embedding imposes an abelian group structure on P1(F). Note
that this group structure is non-canonical (depends on the choice of Py,).
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Rational Places and the Class Group § CALGARY

Theorem

Let F/K be a non-rational function field that has a rational place,
denoted P,,. Then the map

& :Py(F) = CI%F) via P [P—Py]

is injective.

The above embedding imposes an abelian group structure on P1(F). Note
that this group structure is non-canonical (depends on the choice of Py,).

The class group and class number are important invariants of any function
field.
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UNIVERSITY OF

Rational Places and the Class Group § CALGARY

Theorem

Let F/K be a non-rational function field that has a rational place,
denoted P,,. Then the map

®:Py(F) = CI°%F) via P[P~ Px]

is injective.

The above embedding imposes an abelian group structure on P1(F). Note
that this group structure is non-canonical (depends on the choice of Py,).

The class group and class number are important invariants of any function
field. Unfortunately, they are not easy to compute ... ®
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Effective Divisors CALGARY

Definition
Define a partial order > on Div(F) via

D1 >D, < Vp(Dl) > VP(D2) for all P € ]P(F)
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Effective Divisors &/ CALGARY

Definition

Define a partial order > on Div(F) via

D1 >D, < Vp(Dl) > VP(D2) for all P € ]P(F)

A divisor D € Div(F) is effective (or integral or positive) if D > 0.
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Define a partial order > on Div(F) via

D1 > D> -~ Vp(Dl) > VP(DQ) for all P € P(F)

A divisor D € Div(F) is effective (or integral or positive) if D > 0.

@ The trivial divisor D = 0 is effective.
o Every prime divisor is effective.
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Definition

Define a partial order > on Div(F) via

D1 > D> -~ Vp(Dl) > VP(DQ) for all P € P(F)

A divisor D € Div(F) is effective (or integral or positive) if D > 0.

@ The trivial divisor D = 0 is effective.
o Every prime divisor is effective.

o The zero and pole divisors of a principal divisor are effective.
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Effective Divisors CALGARY

Definition

Define a partial order > on Div(F) via
D1 > D> -~ Vp(Dl) > VP(DQ) for all P € P(F)

A divisor D € Div(F) is effective (or integral or positive) if D > 0.

o The trivial divisor D = 0 is effective.

o Every prime divisor is effective.

o The zero and pole divisors of a principal divisor are effective.

o The sum of two effective divisors is effective. So the effective divisors
form a sub-monoid of Div(F).
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Recollection: Prime ldeals in Number Fields %y CALGARY

Recall that in a number field F/Q:
@ A prime p € Z need not remain a prime (ideal) when extended to OF.
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Recall that in a number field F/Q:
@ A prime p € Z need not remain a prime (ideal) when extended to OF.
Rather, it has a prime ideal factorization pOfF = p'p5* -+ p& in OF.
o Each p; is said to lie above p, written p;|p.
Finitely many prime ideals of Of lie above any prime p of Z.
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@ A prime p € Z need not remain a prime (ideal) when extended to OF.
Rather, it has a prime ideal factorization pOfF = p'p5* -+ p& in OF.
o Each p; is said to lie above p, written p;|p.
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Recollection: Prime ldeals in Number Fields %y CALGARY

Recall that in a number field F/Q:

@ A prime p € Z need not remain a prime (ideal) when extended to OF.
Rather, it has a prime ideal factorization pOfF = p'p5* -+ p& in OF.

o Each p; is said to lie above p, written p;|p.
Finitely many prime ideals of Of lie above any prime p of Z.

@ p is said to lie below each p;.
A unique prime p € Z lies below every prime ideal of OF.

o ¢ is called the ramification index of p;|p.
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Recollection: Prime ldeals in Number Fields%p CALGARY

Recall that in a number field F/Q:

@ A prime p € Z need not remain a prime (ideal) when extended to OF.
Rather, it has a prime ideal factorization pOfF = p'p5* -+ p& in OF.

o Each p; is said to lie above p, written p;|p.
Finitely many prime ideals of Of lie above any prime p of Z.

@ p is said to lie below each p;.
A unique prime p € Z lies below every prime ideal of OF.

o ¢ is called the ramification index of p;|p.

o The field extension degree f; = [Of/p; : Fp] is called the residue
degree of pj|p.
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Recall that in a number field F/Q:

@ A prime p € Z need not remain a prime (ideal) when extended to OF.
Rather, it has a prime ideal factorization pOfF = p'p5* -+ p& in OF.

o Each p; is said to lie above p, written p;|p.
Finitely many prime ideals of Of lie above any prime p of Z.

@ p is said to lie below each p;.
A unique prime p € Z lies below every prime ideal of OF.

o ¢ is called the ramification index of p;|p.

o The field extension degree f; = [Of/p; : Fp] is called the residue
degree of pj|p.

o The norm of p; is N(p;) = pf.
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Recall that in a number field F/Q:

@ A prime p € Z need not remain a prime (ideal) when extended to OF.
Rather, it has a prime ideal factorization pOfF = p'p5* -+ p& in OF.

o Each p; is said to lie above p, written p;|p.
Finitely many prime ideals of Of lie above any prime p of Z.

@ p is said to lie below each p;.
A unique prime p € Z lies below every prime ideal of OF.

o ¢ is called the ramification index of p;|p.

o The field extension degree f; = [Of/p; : Fp] is called the residue
degree of pj|p.

o The norm of p; is N(p;) = pf.
The norm extends multiplicatively to all ideals of Of.
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Recall that in a number field F/Q:

@ A prime p € Z need not remain a prime (ideal) when extended to OF.
Rather, it has a prime ideal factorization pOfF = p'p5* -+ p& in OF.

o Each p; is said to lie above p, written p;|p.
Finitely many prime ideals of Of lie above any prime p of Z.

@ p is said to lie below each p;.
A unique prime p € Z lies below every prime ideal of OF.

o ¢ is called the ramification index of p;|p.

o The field extension degree f; = [Of/p; : Fp] is called the residue
degree of pj|p.

o The norm of p; is N(p;) = pf.
The norm extends multiplicatively to all ideals of Of.

o The fundamental identity Z eifi = [F : Q] holds.
i=1

Renate Scheidler (Calgary) Function Fields PIMS NT Summer School 36 /95



UNIVERSITY OF

Recollection: Prime ldeals in Number Fields$p CALGARY

Recall that in a number field F/Q:

@ A prime p € Z need not remain a prime (ideal) when extended to OF.
Rather, it has a prime ideal factorization pOfF = p'p5* -+ p& in OF.

o Each p; is said to lie above p, written p;|p.
Finitely many prime ideals of Of lie above any prime p of Z.

@ p is said to lie below each p;.
A unique prime p € Z lies below every prime ideal of OF.

o ¢ is called the ramification index of p;|p.

o The field extension degree f; = [Of/p; : Fp] is called the residue
degree of pj|p.

o The norm of p; is N(p;) = pf.
The norm extends multiplicatively to all ideals of Of.

o The fundamental identity Z eifi = [F : Q] holds.
i=1

Once again, we consider analogous notions in function field extensions,

with prime ideals replaced by places, and products replaced by sums.
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Function Field Extensions §/ CALGARY

Notation and Assumption

o K is perfect, i.e. every irreducible polynomial in K[x] has distinct
roots.
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o K is perfect, i.e. every irreducible polynomial in K[x] has distinct
roots.

e F/K is a geometric function field.
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Function Field Extensions §/ CALGARY

Notation and Assumption

o K is perfect, i.e. every irreducible polynomial in K[x] has distinct
roots.

e F/K is a geometric function field.
o Fix any x € F\ K and put n = [F : K(x)] (extension degree).
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Function Field Extensions §/ CALGARY

Notation and Assumption

o K is perfect, i.e. every irreducible polynomial in K[x] has distinct
roots.

e F/K is a geometric function field.
o Fix any x € F\ K and put n = [F : K(x)] (extension degree).

Remarks

o Finite fields, algebraically closed fields, and characteristic O fields are
all perfect.
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o Fix any x € F\ K and put n = [F : K(x)] (extension degree).
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Notation and Assumption

o K is perfect, i.e. every irreducible polynomial in K[x] has distinct
roots.

e F/K is a geometric function field.
o Fix any x € F\ K and put n = [F : K(x)] (extension degree).

Remarks

o Finite fields, algebraically closed fields, and characteristic O fields are
all perfect.

o K =Tp(x) is not perfect:
E.g. let o be a root of ¢(T) = TP — x, so P = x.
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Function Field Extensions §/ CALGARY

Notation and Assumption

o K is perfect, i.e. every irreducible polynomial in K[x] has distinct
roots.

e F/K is a geometric function field.
o Fix any x € F\ K and put n = [F : K(x)] (extension degree).

Remarks

o Finite fields, algebraically closed fields, and characteristic O fields are
all perfect.

o K =Tp(x) is not perfect:
E.g. let o be a root of ¢(T) = TP — x, so P = x.
Then ¢(T) = (TP —aP) = (T — a)P, so a has multiplicity p.
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Recap: the Places of K(x) @ CALGARY

Finite places of K(x):
® Py, where p(x) € K[x] is monic and irreducible;
o Uniformizer is p(x);
o Residue field is Fp, | = K[x]/(p(x));
o Degree of Py, is deg(Pp(x)) = deg(p(x)).
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Recap: the Places of K(x) @ CALGARY

Finite places of K(x):
® Pp,), where p(x) € K[x] is monic and irreducible;
o Uniformizer is p(x);
o Residue field is Fp, | = K[x]/(p(x));
o Degree of Py, is deg(Pp(x)) = deg(p(x)).

Infinite place of K(x):

e P, corresponding to the infinite valuation (denominator degree
minus numerator degree);

o Uniformizer is x~1;

o Residue field is Fp_ = K;;

o Degree of Py, is deg(Ps) = 1.
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Places in K(x) and F

For a place P’ of F, the intersection P = P’ N K(x) is a place of K(x).
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Places in K(x) and F

For a place P’ of F, the intersection P = P’ N K(x) is a place of K(x).
We write P’|P and say that P’ lies above P and P lies below P’.
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Places in K(x) and F

For a place P’ of F, the intersection P = P’ N K(x) is a place of K(x).
We write P’|P and say that P’ lies above P and P lies below P’.

o Every place P' of F lies above a unique place P of K(x).
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Places in K(x) and F

For a place P’ of F, the intersection P = P’ N K(x) is a place of K(x).
We write P’|P and say that P’ lies above P and P lies below P’.

o Every place P' of F lies above a unique place P of K(x).

o Every place P of K(x) lies below finitely many places P’ of F.

Renate Scheidler (Calgary) Function Fields PIMS NT Summer School 39/95



Places in K(x) and F

For a place P’ of F, the intersection P = P’ N K(x) is a place of K(x).
We write P’|P and say that P’ lies above P and P lies below P’.

o Every place P' of F lies above a unique place P of K(x).

o Every place P of K(x) lies below finitely many places P’ of F.
o P'|P if and only if P = P' N K(x) and Op = Op: N K(x);
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Places in K(x) and F

For a place P’ of F, the intersection P = P’ N K(x) is a place of K(x).
We write P’|P and say that P’ lies above P and P lies below P’.

o Every place P' of F lies above a unique place P of K(x).

o Every place P of K(x) lies below finitely many places P’ of F.

o P'|P if and only if P = P' N K(x) and Op = Op: N K(x);
In this case Op: is an Op-module of rank n = [F : K(x)].
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Places in K(x) and F

For a place P’ of F, the intersection P = P’ N K(x) is a place of K(x).
We write P’|P and say that P’ lies above P and P lies below P’.

o Every place P' of F lies above a unique place P of K(x).

o Every place P of K(x) lies below finitely many places P’ of F.

o P'|P if and only if P = P' N K(x) and Op = Op: N K(x);
In this case Op: is an Op-module of rank n = [F : K(x)].

The “lift" P Op: of P to F is no longer a place. Rather, it is a divisor of F
called the co-norm of P.
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UNIVERSITY OF

Decomposition Data & CALGARY

Theorem and Definition

o The co-norm of P € P(K(x)) is the divisor

coN(P) =Y e(P'|P)P’

P/|P
of F,
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Decomposition Data & CALGARY

Theorem and Definition

o The co-norm of P € P(K(x)) is the divisor

coN(P) =Y e(P'|P)P’

P'|P

of F, where e(P’|P) is the ramification index of P’|P, defined via
vpr(r) = e(P'|P)vp(r) for all r(x) € K(x).
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Decomposition Data & CALGARY

Theorem and Definition

o The co-norm of P € P(K(x)) is the divisor

coN(P) =Y e(P'|P)P’

P'|P

of F, where e(P’|P) is the ramification index of P’|P, defined via
vpr(r) = e(P'|P)vp(r) for all r(x) € K(x).

o For all P’|P, the norm of P’ is the divisor
N(P') = f(P'|P)P

of F, where f(P'|P) is called the residue (or relative degree) of P’|P,
defined as the residue field extension degree f(P'|P) = [Fp: : K(x)p].
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Decomposition Data & CALGARY

Theorem and Definition

o The co-norm of P € P(K(x)) is the divisor

coN(P) =Y e(P'|P)P’

P'|P

of F, where e(P’|P) is the ramification index of P’|P, defined via
vpr(r) = e(P'|P)vp(r) for all r(x) € K(x).

o For all P’|P, the norm of P’ is the divisor
N(P') = f(P'|P)P

of F, where f(P'|P) is called the residue (or relative degree) of P’|P,
defined as the residue field extension degree f(P'|P) = [Fp: : K(x)p].

o deg(P’) = f(P'|P) deg(P) for all P'|P.
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Decomposition Data & CALGARY

Theorem and Definition

o The co-norm of P € P(K(x)) is the divisor

coN(P) =Y e(P'|P)P’

P'|P

of F, where e(P’|P) is the ramification index of P’|P, defined via
vpr(r) = e(P'|P)vp(r) for all r(x) € K(x).

o For all P’|P, the norm of P’ is the divisor
N(P') = f(P'|P)P

of F, where f(P'|P) is called the residue (or relative degree) of P’|P,
defined as the residue field extension degree f(P'|P) = [Fp: : K(x)p].

o deg(P’) = f(P'|P) deg(P) for all P'|P.

o Fundamental identity: > e(P'|P)f(P'|P) = n for all P € P(K(x)).
P'|P
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UNIVERSITY OF

Decomposition Terminology CALGARY

Let P € P(K(x)).
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Decomposition Terminology CALGARY

Let P € P(K(x)).

o P is unramified in F if e(P'|P) =1 for all P'|P and ramified
otherwise.
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Decomposition Terminology CALGARY

Let P € P(K(x)).
o P is unramified in F if e(P'|P) =1 for all P'|P and ramified
otherwise.
o P is wildly ramified in F if char(K) divides e(P’|P) for some P'|P,
and tamely ramified otherwise.
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Let P € P(K(x)).
o P is unramified in F if e(P'|P) =1 for all P'|P and ramified
otherwise.
o P is wildly ramified in F if char(K) divides e(P’|P) for some P'|P,
and tamely ramified otherwise.

o P is totally ramified in F if there is a unique P'|P with e(P’|P) = n.
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Let P € P(K(x)).

o P is unramified in F if e(P'|P) =1 for all P'|P and ramified
otherwise.

o P is wildly ramified in F if char(K) divides e(P’|P) for some P'|P,
and tamely ramified otherwise.

o P is totally ramified in F if there is a unique P'|P with e(P'|P) = n.

o Pisinert in F in F if there is a unique P’|P with f(P'|P) = n.
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Let P € P(K(x)).

o P is unramified in F if e(P'|P) =1 for all P'|P and ramified
otherwise.

o P is wildly ramified in F if char(K) divides e(P’|P) for some P'|P,
and tamely ramified otherwise.

o P is totally ramified in F if there is a unique P'|P with e(P'|P) = n.

o Pisinert in F in F if there is a unique P’|P with f(P'|P) = n.

o P splits completely in F if e(P'|P) = f(P'|P) =1 for all P’|P.
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UNIVERSITY OF

Decomposition Terminology CALGARY

Let P € P(K(x)).

o P is unramified in F if e(P'|P) =1 for all P'|P and ramified
otherwise.

©

P is wildly ramified in F if char(K) divides e(P’|P) for some P’|P,
and tamely ramified otherwise.

P is totally ramified in F if there is a unique P'|P with e(P’|P) = n.
P is inert in F in F if there is a unique P’|P with f(P'|P) = n.

P splits completely in F if e(P'|P) = f(P'|P) =1 for all P'|P.

©

Sufficient (but not necessary) conditions for a function field to be tamely
ramified are:

e char(K) = 0.
@ n < char(K) when char(K) is positive.
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Computing Ramification Data & CALGARY

Theorem (Kummer’s Theorem in function fields)
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Computing Ramification Data

UNIVERSITY OF

&) CALGARY

Theorem (Kummer’s Theorem in function fields)

Let F = K(x,y), P € P(K(x)), and let (Y) € Op[Y] be the minimal
polynomial of y over Op.
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Computing Ramification Data

UNIVERSITY OF

&) CALGARY

Theorem (Kummer’s Theorem in function fields)

Let F = K(x,y), P € P(K(x)), and let (Y) € Op[Y] be the minimal
polynomial of y over Op. Let

(YY) =1 (V)T 2 Y)? -+ o(Y)" (mod P)

be the factorization of ®(Y) (mod P) into powers of distinct monic
irreducible polynomials in Op(Y).
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Theorem (Kummer’s Theorem in function fields)

Let F = K(x,y), P € P(K(x)), and let (Y) € Op[Y] be the minimal
polynomial of y over Op. Let

(YY) =1 (V)T 2 Y)? -+ o(Y)" (mod P)

be the factorization of ®(Y) (mod P) into powers of distinct monic
irreducible polynomials in Op(Y'). Then the following hold:

Q The number of places of F lying above P is at least r
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Computing Ramification Data

UNIVERSITY OF

&) CALGARY

Theorem (Kummer’s Theorem in function fields)

Let F = K(x,y), P € P(K(x)), and let (Y) € Op[Y] be the minimal
polynomial of y over Op. Let

(YY) =1 (V)T 2 Y)? -+ o(Y)" (mod P)

be the factorization of ®(Y) (mod P) into powers of distinct monic
irreducible polynomials in Op(Y'). Then the following hold:

Q The number of places of F lying above P is at least r
Q For the i-th place P!|P, we have f(P!|P) > deg(¢;).
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Computing Ramification Data

UNIVERSITY OF

&) CALGARY

Theorem (Kummer’s Theorem in function fields)

Let F = K(x,y), P € P(K(x)), and let (Y) € Op[Y] be the minimal
polynomial of y over Op. Let

(YY) =1 (V)T 2 Y)? -+ o(Y)" (mod P)

be the factorization of ®(Y) (mod P) into powers of distinct monic
irreducible polynomials in Op(Y'). Then the following hold:

Q The number of places of F lying above P is at least r
Q For the i-th place P!|P, we have f(P!|P) > deg(¢;).

©Q Under certain conditions, equality holds in items 1 and 2, and
e(P/|P) = ;.
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Computing Ramification Data

UNIVERSITY OF

& CALGARY

Theorem (Kummer’s Theorem in function fields)

Let F = K(x,y), P € P(K(x)), and let (Y) € Op[Y] be the minimal
polynomial of y over Op. Let

(YY) =1 (V)T 2 Y)? -+ o(Y)" (mod P)

be the factorization of ®(Y) (mod P) into powers of distinct monic
irreducible polynomials in Op(Y'). Then the following hold:

Q The number of places of F lying above P is at least r
Q For the i-th place P!|P, we have f(P!|P) > deg(¢;).

©Q Under certain conditions, equality holds in items 1 and 2, and
e(P/|P) = ;.

Two sufficient conditions for item 3 are:

o Alle; =1 (so ®(Y) is squarefree modulo P)
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Computing Ramification Data

UNIVERSITY OF

& CALGARY

Theorem (Kummer’s Theorem in function fields)

Let F = K(x,y), P € P(K(x)), and let (Y) € Op[Y] be the minimal
polynomial of y over Op. Let

(YY) =1 (V)T 2 Y)? -+ o(Y)" (mod P)

be the factorization of ®(Y) (mod P) into powers of distinct monic
irreducible polynomials in Op(Y'). Then the following hold:

Q The number of places of F lying above P is at least r
Q For the i-th place P!|P, we have f(P!|P) > deg(¢;).

©Q Under certain conditions, equality holds in items 1 and 2, and
e(P/|P) = ;.

Two sufficient conditions for item 3 are:
o Alle; =1 (so ®(Y) is squarefree modulo P) or
o {L,y,...,y" "} is an Op-basis of (\_; Opr.
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UNIVERSITY OF

Example: Quadratic Fields, Part | & CALGARY

Let char(K) # 2, F = K(x, y) where x € F is transcendental over K and
y? = f(x) with f(x) € K[x] square-free.
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Example: Quadratic Fields, Part | € UNIVERSITY OF

§/ CALGARY

Let char(K) # 2, F = K(x, y) where x € F is transcendental over K and
y? = f(x) with f(x) € K[x] square-free.

For a finite place P = P, of K(x):

O(Y)=Y2—f(x) (mod p(x)).
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Example: Quadratic Fields, Part | € UNIVERSITY OF

§/ CALGARY

Let char(K) # 2, F = K(x, y) where x € F is transcendental over K and
y? = f(x) with f(x) € K[x] square-free.

For a finite place P = P, of K(x):

O(Y)=Y?—f(x) (mod p(x)) .

Q Case p(x) 1 f(x) and f(x) is a square modulo p(x):
f(x) = h(x)*> (mod p(x))
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Example: Quadratic Fields, Part | € UNIVERSITY OF

§/ CALGARY

Let char(K) # 2, F = K(x, y) where x € F is transcendental over K and
y? = f(x) with f(x) € K[x] square-free.

For a finite place P = P, of K(x):

O(Y)=Y?—f(x) (mod p(x)) .

Q Case p(x) 1 f(x) and f(x) is a square modulo p(x):
F(x) = h(x)? (mod p(x))
with h(x) € K[x]/(p(x)) non-zero. Then
O(Y) = (¥ = h(x)) (Y + h(x)) (mod p(x)) .
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Example: Quadratic Fields, Part | € UNIVERSITY OF

§/ CALGARY

Let char(K) # 2, F = K(x, y) where x € F is transcendental over K and
y? = f(x) with f(x) € K[x] square-free.

For a finite place P = P, of K(x):

d(Y)=Y%2—-f(x) (mod p(x)) .

Q Case p(x) 1 f(x) and f(x) is a square modulo p(x):
F(x) = h(x)? (mod p(x))
with h(x) € K[x]/(p(x)) non-zero. Then
O(Y) = (¥ = h(x)) (Y + h(x)) (mod p(x)) .
So there are two places Pi, P5 € P(F) with

e(Pi|P) = e(P3IP) = F(P}|P) = F(P4|P) = 1.
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Example: Quadratic Fields, Part | 6B UNIVERSITY OF

§/ CALGARY

Let char(K) # 2, F = K(x, y) where x € F is transcendental over K and
y? = f(x) with f(x) € K[x] square-free.

For a finite place P = P, of K(x):

O(Y)=Y?—f(x) (mod p(x)) .

Q Case p(x) 1 f(x) and f(x) is a square modulo p(x):
F(x) = h(x)? (mod p(x))
with h(x) € K[x]/(p(x)) non-zero. Then
O(Y) = (¥ = h(x)) (Y + h(x)) (mod p(x)) .
So there are two places Pj, P, € P(F) with
e(P1|P) = e(P3|P) = f(P1|P) = f(P3|P) =
Hence P splits completely in F.
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UNIVERSITY OF

Example: Quadratic Fields, Part Il & CALGARY

@ Case p(x) f f(x) and f(x) is not a square modulo p(x):
d(Y) = Y% - f(x) (mod p(x)) irreducible over K[x]/(p(x)) .
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UNIVERSITY OF

Example: Quadratic Fields, Part Il & CALGARY

@ Case p(x) f f(x) and f(x) is not a square modulo p(x):
d(Y) = Y% - f(x) (mod p(x)) irreducible over K[x]/(p(x)) .
So there is one place P’ € P(F) with
e(PIP)=1, f(P|P)=2.
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UNIVERSITY OF

Example: Quadratic Fields, Part Il & CALGARY

@ Case p(x) f f(x) and f(x) is not a square modulo p(x):
d(Y) = Y% - f(x) (mod p(x)) irreducible over K[x]/(p(x)) .
So there is one place P’ € P(F) with
e(PIP)=1, f(P|P)=2.
Hence P is inert in F.
Q Case p(x) | f(x):
d(Y)=Y2—f(x)=Y? (mod p(x)) .
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UNIVERSITY OF

Example: Quadratic Fields, Part Il & CALGARY

@ Case p(x) f f(x) and f(x) is not a square modulo p(x):
d(Y) = Y% - f(x) (mod p(x)) irreducible over K[x]/(p(x)) .
So there is one place P’ € P(F) with
e(PIP)=1, f(P|P)=2.
Hence P is inert in F.
Q Case p(x) | f(x):
d(Y)=Y2—f(x)=Y? (mod p(x)) .

Kummer's Theorem is inconclusive.
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UNIVERSITY OF

Example: Quadratic Fields, Part Il & CALGARY

@ Case p(x) f f(x) and f(x) is not a square modulo p(x):
d(Y) = Y% - f(x) (mod p(x)) irreducible over K[x]/(p(x)) .
So there is one place P’ € P(F) with
e(PIP)=1, f(P|P)=2.
Hence P is inert in F.
Q Case p(x) | f(x):
d(Y)=Y2—f(x)=Y? (mod p(x)) .
Kummer's Theorem is inconclusive. However, for any place P'|P:
e(P'|P)
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UNIVERSITY OF

Example: Quadratic Fields, Part Il & CALGARY

@ Case p(x) f f(x) and f(x) is not a square modulo p(x):
d(Y) = Y% - f(x) (mod p(x)) irreducible over K[x]/(p(x)) .
So there is one place P’ € P(F) with
e(PIP)=1, f(P|P)=2.

Hence P is inert in F.

@ Case p(x) | f(x):
d(Y)=Y2—f(x)=Y? (mod p(x)) .
Kummer's Theorem is inconclusive. However, for any place P'|P:

e(P'IP) = e(P'[P)vp(x)(f(x))
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UNIVERSITY OF

Example: Quadratic Fields, Part Il & CALGARY

@ Case p(x) f f(x) and f(x) is not a square modulo p(x):
d(Y) = Y% - f(x) (mod p(x)) irreducible over K[x]/(p(x)) .
So there is one place P’ € P(F) with
e(PIP)=1, f(P|P)=2.

Hence P is inert in F.

@ Case p(x) | f(x):
d(Y)=Y2—f(x)=Y? (mod p(x)) .
Kummer's Theorem is inconclusive. However, for any place P'|P:

e(P'|P) = e(P'|P)vp(x)(f(x)) = vp/(f(x))
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UNIVERSITY OF

Example: Quadratic Fields, Part Il & CALGARY

@ Case p(x) f f(x) and f(x) is not a square modulo p(x):
d(Y) = Y% - f(x) (mod p(x)) irreducible over K[x]/(p(x)) .
So there is one place P’ € P(F) with
e(PIP)=1, f(P|P)=2.

Hence P is inert in F.

@ Case p(x) | f(x):
d(Y)=Y2—f(x)=Y? (mod p(x)) .
Kummer's Theorem is inconclusive. However, for any place P'|P:

e(P'|P) = e(P'|P)vp()(f(x)) = ver(f(x)) = vp (y?)
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UNIVERSITY OF

Example: Quadratic Fields, Part Il & CALGARY

@ Case p(x) f f(x) and f(x) is not a square modulo p(x):
d(Y) = Y% - f(x) (mod p(x)) irreducible over K[x]/(p(x)) .
So there is one place P’ € P(F) with
e(PIP)=1, f(P|P)=2.

Hence P is inert in F.

@ Case p(x) | f(x):
d(Y)=Y2—f(x)=Y? (mod p(x)) .
Kummer's Theorem is inconclusive. However, for any place P'|P:

e(P'|P) = e(P'|P)vp)(f(x)) = vpr(f(x)) = vpr(y®) = 2vpi(y) > 2.
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UNIVERSITY OF

Example: Quadratic Fields, Part Il & CALGARY

@ Case p(x) f f(x) and f(x) is not a square modulo p(x):
d(Y) = Y% - f(x) (mod p(x)) irreducible over K[x]/(p(x)) .
So there is one place P’ € P(F) with
e(PIP)=1, f(P|P)=2.
Hence P is inert in F.
Q Case p(x) | f(x):
d(Y)=Y2—f(x)=Y? (mod p(x)) .
Kummer's Theorem is inconclusive. However, for any place P'|P:
e(P|P) = e(P'IP) vy (F(x)) = ver(F(x)) = ver(y2) = 2vpi () = 2.
So there is one place P’ € P(F) with
e(PIP)=2, f(P|P)=1.
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UNIVERSITY OF

Example: Quadratic Fields, Part Il & CALGARY

@ Case p(x) f f(x) and f(x) is not a square modulo p(x):
d(Y) = Y% - f(x) (mod p(x)) irreducible over K[x]/(p(x)) .
So there is one place P’ € P(F) with
e(PIP)=1, f(P|P)=2.
Hence P is inert in F.
@ Case p(x) | f(x):
d(Y)=Y2—f(x)=Y? (mod p(x)) .
Kummer's Theorem is inconclusive. However, for any place P'|P:
e(P'|P) = e(P'|P)vpx)(f(x)) = ver(F(x)) = v (y?) = 2ver(y) > 2.
So there is one place P’ € P(F) with
e(PIP)=2, f(P|P)=1.
Hence P is totally ramified in F.
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UNIVERSITY OF

Example: Quadratic Fields, Part Il & CALGARY

For the infinite place P = P, recall that

Lis a uniformizer of P,

o O = {f(x)/g(x) € K(x) | deg(f(x)) < deg(g(x))},
0 Foo = Oso/Ps = K.

o X
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. .
Example: Quadratic Fields, Part 11l & CALGARY

For the infinite place P = P, recall that

o x~!is a uniformizer of P,

o O = {f(x)/g(x) € K(x) | deg(f(x)) < deg(g(x))},
0 Foo = Oso/Ps = K.

Write f(x) = ax?™~%4 terms of lower degree in x, with 0 # a € K and
0 €{0,1}, and put z = yx~ . Then
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For the infinite place P = P, recall that

o x~!is a uniformizer of P,

o O = {f(x)/g(x) € K(x) | deg(f(x)) < deg(g(x))},
0 Foo = Oso/Ps = K.

Write f(x) = ax?™~%4 terms of lower degree in x, with 0 # a € K and
0 €{0,1}, and put z = yx~ . Then
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. .
Example: Quadratic Fields, Part 11l & CALGARY

For the infinite place P = P, recall that

o x~!is a uniformizer of P,

o O = {f(x)/g(x) € K(x) | deg(f(x)) < deg(g(x))},
0 Foo = Oso/Ps = K.

Write f(x) = ax?™~%4 terms of lower degree in x, with 0 # a € K and
0 €{0,1}, and put z = yx~ . Then

2_y72_f(x)
z Tox2m Ty 2m
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. .
Example: Quadratic Fields, Part 11l & CALGARY

For the infinite place P = P, recall that

o x~!is a uniformizer of P,

o O = {f(x)/g(x) € K(x) | deg(f(x)) < deg(g(x))},
0 Foo = Oso/Ps = K.

Write f(x) = ax?™~%4 terms of lower degree in x, with 0 # a € K and
0 €{0,1}, and put z = yx~ . Then

2
2 y- _f(x) _ a - 1
zZ —Xz—m—xz—m—;—kmultlplesof;.
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UNIVERSITY OF

Example: Quadratic Fields, Part Il & CALGARY

For the infinite place P = P, recall that

o x~!is a uniformizer of P,

o O = {f(x)/g(x) € K(x) | deg(f(x)) < deg(g(x))},
0 Foo = Oso/Ps = K.

Write f(x) = ax?™~%4 terms of lower degree in x, with 0 # a € K and
0 €{0,1}, and put z = yx~ . Then

2
2 y- _f(x) _ a - 1
zZ —Xz—m—xz—m—;—kmultlplesof;.

Note that F = K(x, z) and the minimal polynomial of z over Oy is

1
®(2)=2% - (;& + multiples of X)
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UNIVERSITY OF

Example: Quadratic Fields, Part Il & CALGARY

For the infinite place P = P, recall that

o x~!is a uniformizer of P,

o O = {f(x)/g(x) € K(x) | deg(f(x)) < deg(g(x))},
0 Foo = Oso/Ps = K.

Write f(x) = ax?™~%4 terms of lower degree in x, with 0 # a € K and
0 €{0,1}, and put z = yx~ . Then

2
2 y- _f(x) _ a - 1
zZ —Xz—m—xz—m—;—kmultlplesof;.

Note that F = K(x, z) and the minimal polynomial of z over Oy is

®(2) = 22 — ( = + multiples of DNoz2o 2 (od 1)
x9 X

x9 X
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UNIVERSITY OF

Example: Quadratic Fields, Part IV & CALGARY

@ Case deg(f(x)) even and a is a square in K, say a = b? with b € K*:
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UNIVERSITY OF

Example: Quadratic Fields, Part IV & CALGARY

@ Case deg(f(x)) even and a is a square in K, say a = b? with b € K*:

S(Z)=2°-a=2°>-b>=(Z-b)(Z+)b) <mod )1()
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UNIVERSITY OF

Example: Quadratic Fields, Part IV & CALGARY

@ Case deg(f(x)) even and a is a square in K, say a = b? with b € K*:
1
S(Z)=2°-a=2°>-b>=(Z-b)(Z+)b) <mod X) :

Then P, splits completely in F.
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UNIVERSITY OF

Example: Quadratic Fields, Part IV & CALGARY

@ Case deg(f(x)) even and a is a square in K, say a = b? with b € K*:
1
S(Z)=2°-a=2°>-b>=(Z-b)(Z+)b) <mod X) :

Then P, splits completely in F.
@ Case deg(f(x)) even and a is not a square in K:
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UNIVERSITY OF

Example: Quadratic Fields, Part IV & CALGARY

@ Case deg(f(x)) even and a is a square in K, say a = b? with b € K*:
1
S(Z)=2°-a=2°>-b>=(Z-b)(Z+)b) <mod X) :

Then P, splits completely in F.
@ Case deg(f(x)) even and a is not a square in K:

1
®(Z2)=2°-a ( mod ) irreducible over K .
X

Renate Scheidler (Calgary) Function Fields PIMS NT Summer School 46 /95



UNIVERSITY OF

Example: Quadratic Fields, Part IV & CALGARY

@ Case deg(f(x)) even and a is a square in K, say a = b? with b € K*:
1
S(Z)=2°-a=2°>-b>=(Z-b)(Z+)b) <mod X) :

Then P, splits completely in F.
@ Case deg(f(x)) even and a is not a square in K:

1
®(Z2)=2°-a ( mod ) irreducible over K .
X

Then P4, is inert in F.

Renate Scheidler (Calgary) Function Fields PIMS NT Summer School 46 /95



UNIVERSITY OF

Example: Quadratic Fields, Part IV & CALGARY

@ Case deg(f(x)) even and a is a square in K, say a = b? with b € K*:
1
S(Z)=2°-a=2°>-b>=(Z-b)(Z+)b) <mod X) :

Then P, splits completely in F.
@ Case deg(f(x)) even and a is not a square in K:

1
®(Z2)=2°-a ( mod ) irreducible over K .
X

Then P4, is inert in F.
O Case deg(f(x)) is odd.
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UNIVERSITY OF

Example: Quadratic Fields, Part IV & CALGARY

@ Case deg(f(x)) even and a is a square in K, say a = b? with b € K*:
1
S(Z)=2°-a=2°>-b>=(Z-b)(Z+)b) <mod X) :

Then P, splits completely in F.
@ Case deg(f(x)) even and a is not a square in K:

1
®(Z2)=2°-a ( mod ) irreducible over K .
X

Then P4, is inert in F.
O Case deg(f(x)) is odd.
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UNIVERSITY OF

Example: Quadratic Fields, Part IV & CALGARY

@ Case deg(f(x)) even and a is a square in K, say a = b? with b € K*:
1
S(Z)=2°-a=2°>-b>=(Z-b)(Z+)b) <mod X) :

Then P, splits completely in F.
@ Case deg(f(x)) even and a is not a square in K:

1
®(Z2)=2°-a ( mod ) irreducible over K .
X

Then P4, is inert in F.

O Case deg(f(x)) is odd.
o(2)=22-°2 =22 (mod 1) .
X X

Kummer's Theorem is inconclusive.
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UNIVERSITY OF

Example: Quadratic Fields, Part IV & CALGARY

@ Case deg(f(x)) even and a is a square in K, say a = b? with b € K*:
1
S(Z)=2°-a=2°>-b>=(Z-b)(Z+)b) <mod X) :

Then P, splits completely in F.
@ Case deg(f(x)) even and a is not a square in K:

1
®(Z2)=2°-a ( mod ) irreducible over K .
X

Then P4, is inert in F.
O Case deg(f(x)) is odd.

o(2)=22-°2 =22 <mod1>.
X X

Kummer's Theorem is inconclusive. However, for any place P’|P:

—e(P'|P) deg(f(x))

Renate Scheidler (Calgary) Function Fields PIMS NT Summer School 46 /95



UNIVERSITY OF

Example: Quadratic Fields, Part IV & CALGARY

@ Case deg(f(x)) even and a is a square in K, say a = b? with b € K*:
1
S(Z)=2°-a=2°>-b>=(Z-b)(Z+)b) <mod X) :

Then P, splits completely in F.
@ Case deg(f(x)) even and a is not a square in K:

1
®(Z2)=2°-a ( mod ) irreducible over K .
X

Then P4, is inert in F.
O Case deg(f(x)) is odd.

o(2)=22-°2 =22 <mod1>.
X X

Kummer's Theorem is inconclusive. However, for any place P’|P:

—e(P'|P) deg(f(x)) = e(P'|P)vs(f(x))
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UNIVERSITY OF

Example: Quadratic Fields, Part IV & CALGARY

@ Case deg(f(x)) even and a is a square in K, say a = b? with b € K*:
1
S(Z)=2°-a=2°>-b>=(Z-b)(Z+)b) <mod X) :

Then P, splits completely in F.
@ Case deg(f(x)) even and a is not a square in K:

1
®(Z2)=2°-a ( mod ) irreducible over K .
X

Then P4, is inert in F.
O Case deg(f(x)) is odd.

o(2)=22-°2 =22 <mod1>.
X X

Kummer's Theorem is inconclusive. However, for any place P’|P:

—e(P'|P) deg(f(x)) = e(P'[P)vac(f(x)) = vp/(f(x))
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UNIVERSITY OF

Example: Quadratic Fields, Part IV @ CALGARY

@ Case deg(f(x)) even and a is a square in K, say a = b? with b € K*:
1
S(Z)=2°-a=2°>-b>=(Z-b)(Z+)b) <mod X) :

Then P, splits completely in F.
@ Case deg(f(x)) even and a is not a square in K:

1
®(Z2)=2°-a ( mod ) irreducible over K .
X

Then P4, is inert in F.
O Case deg(f(x)) is odd.

o(2)=22-°2 =22 <mod1>.
X X

Kummer's Theorem is inconclusive. However, for any place P’|P:

—e(P'|P)deg(f(x)) = e(P'|P)vec(f(x)) = vp:(f(x)) = 2vpi(y) .
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UNIVERSITY OF

Example: Quadratic Fields, Part IV & CALGARY

@ Case deg(f(x)) even and a is a square in K, say a = b? with b € K*:
S(Z)=2°-a=2°>-b>=(Z-b)(Z+)b) (mod i) :
Then P4 splits completely in F.
@ Case deg(f(x)) even and a is not a square in K:
®(Z2)=2°-a ( mod i) irreducible over K .

Then P4, is inert in F.
O Case deg(f(x)) is odd.

X X

1
o(2)=22-°2 =22 (mod ) .
Kummer's Theorem is inconclusive. However, for any place P’|P:

—e(P'|P) deg(f(x)) = e(P'|P)vs(f(x)) = vp:(f(x)) = 2vpr(y) .
Hence, 2 divides e(P’|P), so P is totally ramified in F.

Renate Scheidler (Calgary) Function Fields PIMS NT Summer School 46 /95



UNIVERSITY OF

Explicit Example CALGARY

Let F = Fs(x,y) with y? = x* 4+ x = x(x + 2)(x + 3) € Fs[x].
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UNIVERSITY OF

Explicit Example CALGARY

Let F = Fs(x,y) with y? = x* 4+ x = x(x + 2)(x + 3) € Fs[x].

@ The ramified places of F5(x) are Py, Pxi2, Px+3 and P.
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UNIVERSITY OF

Explicit Example CALGARY

Let F = Fs(x,y) with y? = x* 4+ x = x(x + 2)(x + 3) € Fs[x].
@ The ramified places of F5(x) are Py, Pxi2, Px+3 and P.

o The place P,s, 2,3 of F5(x) splits completely in F because

B hx=(x2422+ (x+2)(x3+ x>+ x+3)
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UNIVERSITY OF

Explicit Example CALGARY

Let F = Fs(x,y) with y? = x* 4+ x = x(x + 2)(x + 3) € Fs[x].
@ The ramified places of F5(x) are Py, Pxi2, Px+3 and P.

o The place P,s, 2,3 of F5(x) splits completely in F because

Bax=(*+22+(x+2)(xP+x*+x+3)=(x*+2)* (mod x> -
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9 0O
Explicit Example & CALGARY

Let F = Fs(x,y) with y? = x* 4+ x = x(x + 2)(x + 3) € Fs[x].
@ The ramified places of F5(x) are Py, Pxi2, Px+3 and P.
o The place P,s, 2,3 of F5(x) splits completely in F because
Cdx=0"+22+ (x+2)C+x2 +x+3)=(x*+2)? (mod x> -

Remark: When K = [, determining whether or not f(x) is a square
modulo p(x) can be done with the quadratic residue symbol

. 1 if f(x) is a non-zero square (mod p(x)),
(8) =< —1 if f(x) is a non-square (mod p(x)),
P 0 if p(x) divides F(x)
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UNIVERSITY OF

Explicit Example CALGARY

Let F = Fs(x,y) with y? = x* 4+ x = x(x + 2)(x + 3) € Fs[x].
@ The ramified places of F5(x) are Py, Pxi2, Px+3 and P.
o The place P,s, 2,3 of F5(x) splits completely in F because
Cdx=0"+22+ (x+2)C+x2 +x+3)=(x*+2)? (mod x> -

Remark: When K = [, determining whether or not f(x) is a square
modulo p(x) can be done with the quadratic residue symbol

1 if f(x) is a non-zero square (mod p(x)),
f(x)\ . .
(p(x)> = ¢ —1 if f(x) is a non-square (mod p(x)),

0 if p(x) divides f(x)

This function field version of the Legendre symbol can be computed via

PO\ _ s _ s
(50y) =100"+ =10 (mod p(x)
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UNIVERSITY OF

The Different & CALGARY

Assume that all places of K(x) are tamely ramified in F.

Definition

The different (or ramification divisor) of F/K(x) is

Diff(F) = Z > (e(P'|P) — 1)P" € Div(F).

PEP(K(x)) P'|P
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The Different

UNIVERSITY OF

&) CALGARY

Assume that all places of K(x) are tamely ramified in F.

Definition

The different (or ramification divisor) of F/K(x) is

Diff(F) =

Z > (e(P'|P) -

PeP(K(x)) P'|P

Example
Let F = K(x,y) with y? = f(x) =
f(x)). Then

Diff(F) =

pi(x)--

/ / /
Por) T+ Pp ) + 0P

- pr(x) (prime factorization of

" € Div(F).
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The Different & CALGARY

Assume that all places of K(x) are tamely ramified in F.

Definition

The different (or ramification divisor) of F/K(x) is
Diff(F) = Z > (e(P'|P) — 1)P" € Div(F).

PeP(K(x)) P'|P

Example

Let F = K(x,y) with y? = f(x) = p1(x) - - - p,(x) (prime factorization of
f(x)). Then

Diff(F) = P,l,l(x) + -4 P,/,r(x) + 0P, where
° P//:,-(x) is the unique place lying above P, (,);
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The Different & CALGARY

Assume that all places of K(x) are tamely ramified in F.

The different (or ramification divisor) of F/K(x) is
Diff(F) = Z > (e(P'|P) — 1)P" € Div(F).

PeP(K(x)) P'|P

Example

Let F = K(x,y) with y? = f(x) = p1(x) - - - p,(x) (prime factorization of
f(x)). Then

Dlﬂ:(F) = P[/J1(X) -+ P/ (X) =+ 5P Where

° P//:,-(x) is the unique place lying above P, (,);
o P!_ is the unique place lying above P, when P, is ramified;
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The Different & CALGARY

Assume that all places of K(x) are tamely ramified in F.

Definition

The different (or ramification divisor) of F/K(x) is
Diff(F) = Z > (e(P'|P) — 1)P" € Div(F).

PeP(K(x)) P'|P

Let F = K(x,y) with y? = f(x) = p1(x) - - - p,(x) (prime factorization of
f(x)). Then

Dlﬂ:(F) = P[/J1(X) -+ P/ (X) =+ 5P Where

o P//:,-(x) is the unique place lying above P, (,);
o P!_ is the unique place lying above P, when P, is ramified;
o 0 € {0,1} is the parity of deg(f).
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The Different & CALGARY

Assume that all places of K(x) are tamely ramified in F.

The different (or ramification divisor) of F/K(x) is
Diff(F) = Z > (e(P'|P) — 1)P" € Div(F).

PeP(K(x)) P'|P

Let F = K(x,y) with y? = f(x) = p1(x) - - - p,(x) (prime factorization of
f(x)). Then
Dlﬂ:(F) = P[/J1(X) -+ P/ (X) =+ 5P Where
o P//:,-(x) is the unique place lying above P, (,);
o P!_ is the unique place lying above P, when P, is ramified;
o 0 € {0,1} is the parity of deg(f).
It follows that deg(Diff(F/K(x))) = deg(f) + ¢
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The Different & CALGARY

Assume that all places of K(x) are tamely ramified in F.

The different (or ramification divisor) of F/K(x) is
Diff(F) = Z > (e(P'|P) — 1)P" € Div(F).

PeP(K(x)) P'|P

Let F = K(x,y) with y? = f(x) = p1(x) - - - p,(x) (prime factorization of
f(x)). Then
Dlﬂ:(F) = P[/J1(X) -+ P/ (X) =+ 5P Where
o P//:,-(x) is the unique place lying above P, (,);
o P!_ is the unique place lying above P, when P, is ramified;
o 0 € {0,1} is the parity of deg(f).
It follows that deg(Diff(F/K(x))) = deg(f) + ¢ (an even integer).
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UNIVERSITY OF

Genus and Different §/ CALGARY

The genus of F/K is the integer

1
g=5 deg(Diff(F)) —n+1

for any x € F\ K, where n = [F : K(x)].
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UNIVERSITY OF

Genus and Different §/ CALGARY

The genus of F/K is the integer

1
g=5 deg(Diff(F)) —n+1

for any x € F\ K, where n = [F : K(x)].

Examples:
o Every rational function field K(x) has genus 0.
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UNIVERSITY OF

Genus and Different §/ CALGARY

The genus of F/K is the integer

1
g=5 deg(Diff(F)) —n+1

for any x € F\ K, where n = [F : K(x)].

Examples:
o Every rational function field K(x) has genus 0.

o Let F = K(x,y) with char(K) # 2; y? = f(x) with f(x) € K[x]
square-free. Then
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i
Genus and leferent UNIVERSITY OF

CALGARY

Definition

The genus of F/K is the integer

1
g=5 deg(Diff(F)) —n+1

for any x € F\ K, where n = [F : K(x)].

Examples:
o Every rational function field K(x) has genus 0.

o Let F = K(x,y) with char(K) # 2; y? = f(x) with f(x) € K[x]
square-free. Then

> g = [(deg(f) —1)/2]
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i
Genus and leferent UNIVERSITY OF

CALGARY

Definition

The genus of F/K is the integer

1
g=5 deg(Diff(F)) —n+1

for any x € F\ K, where n = [F : K(x)].

Examples:
o Every rational function field K(x) has genus 0.

o Let F = K(x,y) with char(K) # 2; y? = f(x) with f(x) € K[x]
square-free. Then

» g = |(deg(f) —1)/2] (so deg(f) =2g + 1 or 2g + 2).
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i
Genus and leferent UNIVERSITY OF

CALGARY

Definition

The genus of F/K is the integer

1
g=5 deg(Diff(F)) —n+1

for any x € F\ K, where n = [F : K(x)].

Examples:
o Every rational function field K(x) has genus 0.

o Let F = K(x,y) with char(K) # 2; y? = f(x) with f(x) € K[x]
square-free. Then

» g = [(deg(f) —1)/2] (so deg(f) =2g + 1 or 2g + 2).
» deg(Diff(F/K(x)) = 2g + 2.
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Bounds on P;(F) and CI°(F) for K finite & CALGARY

Theorem (Hasse-Weil)
Let F/IFq be a function field of genus g over a finite field of order q. Then
°© g+1-2g,/q < |Pi(F)| < q+1+2g3,
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Bounds on P;(F) and CI°(F) for K finite & CALGARY

Theorem (Hasse-Weil)

Let F/IFq be a function field of genus g over a finite field of order q. Then
°© g+1-2g,/q < |Pi(F)| < q+1+2g3,
o (a—17% < |COF)| < (/q+1)%.
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Bounds on P;(F) and CI°(F) for K finite & CALGARY

Theorem (Hasse-Weil)

Let F/IFq be a function field of genus g over a finite field of order q. Then
°© g+1-2g,/q < |Pi(F)| < q+1+2g3,
o (VG—17% < |COF)| < (,a+1)%.

IP1(F)| =~ q and | CI°(F)| ~ g8 for q large and g fixed.
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Bounds on P;(F) and CI°(F) for K finite & CALGARY

Theorem (Hasse-Weil)

Let F/IFq be a function field of genus g over a finite field of order q. Then
°© g+1-2g,/q < |Pi(F)| < q+1+2g3,
o (VG—17% < |COF)| < (,a+1)%.

IP1(F)| ~ q and | CI°(F)| ~ g& for q large and g fixed.

Every rational function field K(x) has class number one.
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Bounds on P;(F) and CI°(F) for K finite & CALGARY

Theorem (Hasse-Weil)

Let F/IFq be a function field of genus g over a finite field of order q. Then
0 g+1-2g,/q9 < [Pi(F)| < g+1+2g./3,
° (yg—1)% < [COF) < (Va+1)%.

IP1(F)| ~ q and | CI°(F)| ~ g& for q large and g fixed.

Every rational function field K(x) has class number one.

There are 8 non-rational function fields F /I, of class number one. All
have g < 4, and defining curves for all of them are known.
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Genus 0 and 1 Function Fields



UNIVERSITY OF

Genus 0 Function Fields §/ CALGARY

We continue to assume that K is perfect.

Let F/K be a function field of genus 0. Then the following hold:
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UNIVERSITY OF

Genus 0 Function Fields &/ CALGARY

We continue to assume that K is perfect.

Let F/K be a function field of genus 0. Then the following hold:
o F/K is rational if and only if it has a rational (i.e. degree 1) place.
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UNIVERSITY OF

Genus 0 Function Fields §/ CALGARY

We continue to assume that K is perfect.

Let F/K be a function field of genus 0. Then the following hold:

o F/K is rational if and only if it has a rational (i.e. degree 1) place.
o If F/K is not rational, then F has a place of degree 2, and there
exists x € F with [F : K(x)] = 2.
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UNIVERSITY OF

Genus 0 Function Fields §/ CALGARY

We continue to assume that K is perfect.

Let F/K be a function field of genus 0. Then the following hold:

o F/K is rational if and only if it has a rational (i.e. degree 1) place.
o If F/K is not rational, then F has a place of degree 2, and there

exists x € F with [F : K(x)] = 2.

For K algebraically closed, F/K is rational if and only if F has genus 0.
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UNIVERSITY OF

Genus 0 Function Fields §/ CALGARY

We continue to assume that K is perfect.

Let F/K be a function field of genus 0. Then the following hold:
o F/K is rational if and only if it has a rational (i.e. degree 1) place.
o If F/K is not rational, then F has a place of degree 2, and there
exists x € F with [F : K(x)] = 2.

For K algebraically closed, F/K is rational if and only if F has genus 0.

F = R(x, y) where x?> + y?> = —1 has genus 0 but is not rational.
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UNIVERSITY OF

Genus 1 Function Fields §/ CALGARY

Definition

A function field F/K is elliptic if it has genus 1 and a rational place.
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UNIVERSITY OF

Genus 1 Function Fields &/ CALGARY

Definition
A function field F/K is elliptic if it has genus 1 and a rational place.

For K algebraically closed, F/K is elliptic if and only if F has genus 1. \
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UNIVERSITY OF

Genus 1 Function Fields §/ CALGARY

Definition
A function field F/K is elliptic if it has genus 1 and a rational place.

For K algebraically closed, F/K is elliptic if and only if F has genus 1. \

F = R(x, y) where x* + y?> = —1 has genus 1 but is not elliptic.
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UNIVERSITY OF

Genus 1 Function Fields §/ CALGARY

Definition

A function field F/K is elliptic if it has genus 1 and a rational place.

For K algebraically closed, F/K is elliptic if and only if F has genus 1.

F = R(x, y) where x* + y?> = —1 has genus 1 but is not elliptic.

If F/K is elliptic, then there exist x,y € F such that F = K(x,y) and
y2 + aixy + azy = x3 + 82X2 + agx + ap.

for some a1, a, as, az, ap € K.
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UNIVERSITY OF

Genus 1 Function Fields §/ CALGARY

Definition

A function field F/K is elliptic if it has genus 1 and a rational place.

For K algebraically closed, F/K is elliptic if and only if F has genus 1.

F = R(x, y) where x* + y?> = —1 has genus 1 but is not elliptic.

If F/K is elliptic, then there exist x,y € F such that F = K(x,y) and
y2 + aixy + azy = x3 + 82X2 + agx + ap.

for some a1, ap, a3, as, ag € K. This equation defines an elliptic curve in
Weierstral3 form.
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UNIVERSITY OF

Genus 1 Function Fields §/ CALGARY

Definition
A function field F/K is elliptic if it has genus 1 and a rational place.

For K algebraically closed, F/K is elliptic if and only if F has genus 1.

F = R(x, y) where x* + y?> = —1 has genus 1 but is not elliptic.

If F/K is elliptic, then there exist x,y € F such that F = K(x,y) and
y2 + aixy + azy = x3 + 82X2 + agx + ap.

for some a1, ap, a3, as, ag € K. This equation defines an elliptic curve in
WeierstraB form. Note that [F : K(x)] =2 and [F : K(y)] = 3.
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UNIVERSITY OF

Short WeierstraB Form & CALGARY

Consider y? + aixy + a3y = x> + aox? + azx + a6.
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UNIVERSITY OF

Short WeierstraB Form & CALGARY

Consider y? + aixy + a3y = x> + aox? + azx + a6.

o If char(K) # 2, then “completing the square for y", i.e. substituting y
by y — (a1x + a3)/2 leaves F/K unchanged and produces an equation
of the form

y2 =x3 4 box® + byx + bg (b2, bs, b € K).
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UNIVERSITY OF

Short WeierstraB Form & CALGARY

Consider y2 + aixy + a3y = x3 4+ apx? + agx + a6.

o If char(K) # 2, then “completing the square for y", i.e. substituting y
by y — (a1x + a3)/2 leaves F/K unchanged and produces an equation
of the form

y2 =x3 4 box® + byx + bg (b2, bs, b € K).

o If in addition char(K) # 3, then “completing the cube for x", i.e.
substituting x by x — by/3 leaves F/K unchanged and produces an
equation of the form

v2=x>*+Ax+B (A BcK).

This is an elliptic curve in short WeierstraB form.
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UNIVERSITY OF

Short WeierstraB Form & CALGARY

Consider y2 + aixy + a3y = x3 4+ apx? + agx + a6.

o If char(K) # 2, then “completing the square for y", i.e. substituting y
by y — (a1x + a3)/2 leaves F/K unchanged and produces an equation
of the form

y2 =x3 4 box® + byx + bg (b2, bs, b € K).

o If in addition char(K) # 3, then “completing the cube for x", i.e.
substituting x by x — by/3 leaves F/K unchanged and produces an
equation of the form

v2=x>*+Ax+B (A BcK).
This is an elliptic curve in short WeierstraB form.

o Similarly, if char(K) = 2, one can always convert a (long) WeierstraB
form to an equation of the form

y? + y = cubic polynomial in x or y?+ xy = cubic polynomial in x.
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.
P1(F) as an Abelian Group ) CALGARY

Let F/K be an elliptic function field, and fix a rational place P, € P1(F).
Then the injection ® : P1(F) — CI°(F) via P~ [P — P4] is a bijection.
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.
P1(F) as an Abelian Group ) CALGARY

Let F/K be an elliptic function field, and fix a rational place P, € P1(F).
Then the injection ® : P1(F) — CI°(F) via P~ [P — P4] is a bijection.

Corollary

o Every degree zero divisor class of F/K has a unique representative of
the form [P — Py] with P € P1(F).
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.
P1(F) as an Abelian Group ) CALGARY

Let F/K be an elliptic function field, and fix a rational place P, € P1(F).
Then the injection ® : P1(F) — CI°(F) via P~ [P — P4] is a bijection.

Corollary

o Every degree zero divisor class of F/K has a unique representative of
the form [P — Py] with P € P1(F).

o The set P;(F) becomes an abelian group (and ® a group
isomorphism) under the addition law

PeQ=R <= [P—Px]+[Q—Px]=[R-Px]

Renate Scheidler (Calgary) Function Fields PIMS NT Summer School 55 /95



UNIVERSITY OF

Points on an Elliptic Curve & CALGARY

Consider E : y? + aixy + a3y = x> + aox? + asx + a.
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UNIVERSITY OF

Points on an Elliptic Curve % CALGARY

Consider E : y2 + aixy + a3y = x3 4+ axx? + agx + a6.

Definition

The set of (K-)rational points on E is
E(K) = { (Xo,yo) eKxK ‘

Y8 + a1xoyo + asyo = X3 + ax§ + asxo + a6} U {00} .
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UNIVERSITY OF

Points on an Elliptic Curve % CALGARY

Consider E : y2 + aixy + a3y = x3 4+ axx? + agx + a6.

Definition

The set of (K-)rational points on E is
E(K) = { (Xo,yo) eKxK ‘

Y8 + a1xoyo + asyo = X3 + ax§ + asxo + a6} U {00} .

The “point” oo arises from the homogenization of E:

Ey - yzz + aixyz + a3yz2 =x3 + 32x2z + a4x22 + 3623_
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UNIVERSITY OF

Points on an Elliptic Curve % CALGARY

Consider E : y2 + aixy + a3y = x3 4+ axx? + agx + a6.

Definition

The set of (K-)rational points on E is
E(K) = { (Xo,yo) eKxK ‘

Y8 + a1xoyo + asyo = X3 + ax§ + asxo + a6} U {00} .

The “point” oo arises from the homogenization of E:
Ey - yzz + aixyz + a3yz2 =x3 + 32x2z + a4x22 + 3623_

Points on Ey: [x :y :z|] #[0:0: 0] normalized to last non-zero entry = 1.
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UNIVERSITY OF

Points on an Elliptic Curve % CALGARY

Consider E : y2 + aixy + a3y = x3 4+ axx? + agx + a6.

Definition

The set of (K-)rational points on E is
E(K) = { (Xo,yo) eKxK ‘

Y8 + a1xoyo + asyo = X3 + ax§ + asxo + a6} U {00} .

The “point” oo arises from the homogenization of E:
En : y?z + aixyz + azyz® = x> + aox®z + agxz® + ae2>.
Points on Ey: [x :y :z|] #[0:0: 0] normalized to last non-zero entry = 1.

Points on E  <+—  Points on Ey
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UNIVERSITY OF

Points on an Elliptic Curve & CALGARY

Consider E : y2 + aixy + a3y = x3 4+ axx? + agx + a6.

Definition

The set of (K-)rational points on E is
E(K) = { (Xo,yo) eKxK ‘

Y8 + a1xoyo + asyo = X3 + ax§ + asxo + a6} U {00} .

The “point” oo arises from the homogenization of E:

Ey - yzz + aixyz + a3yz2 =x3 + 32x2z + a4x22 + 3623_
Points on Ey: [x :y :z|] #[0:0: 0] normalized to last non-zero entry = 1.

Points on E  <+—  Points on Ey
(x,¥) — [x:y:1]
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Points on an Elliptic Curve

UNIVERSITY OF

CALGARY
Consider E : y2 + aixy + a3y = x3 4+ axx? + agx + a6.

Definition

The set of (K-)rational points on E is
E(K) = { (Xo,yo) eKxK ‘

Y8 + a1xoyo + asyo = X3 + ax§ + asxo + a6} U {00} .

The “point” oo arises from the homogenization of E:

Ey - yzz + aixyz + a3yz2 =x3 + 32x2z + a4x22 + 3623

Points on Ey: [x :y :z|] #[0:0: 0] normalized to last non-zero entry = 1.

Points on E  <+—  Points on Ey
(x,¥) — [x:y:1]

(x/z,y/z) <+— [x:y:z] whenz#0
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POIntS on an E"|pt|c Curve UNIVERSITY OF

CALGARY
Consider E : y2 + aixy + a3y = x3 4+ axx? + agx + a6.

Definition

The set of (K-)rational points on E is

E(K) = { (x0,%0) € Kx K |

Y8 + a1xoyo + asyo = X3 + ax§ + asxo + a6} U {00} .

The “point” oo arises from the homogenization of E:

Ey - yzz + aixyz + a3yz2 =x3 + 32x2z + a4x22 + 3623_

Points on Ey: [x :y :z|] #[0:0: 0] normalized to last non-zero entry = 1.

Points on E  <+—  Points on Ey

(x,y) — [x:y:1]
(x/z,y/z) <+— [x:y:z] whenz#0
00 — [0:1:0]
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UNIVERSITY OF

An Elliptic Curve and a Point & CALGARY

E:y? = x3 —5x over Q, p=(-1,-2) € E(Q)

10+
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UNIVERSITY OF

Point Arithmetic — Cord & Tangent Law & CALGARY

Any line intersects E in three points.
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UNIVERSITY OF

Point Arithmetic — Cord & Tangent Law & CALGARY

Any line intersects E in three points.

@ Need to count multiplicities;
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UNIVERSITY OF

Point Arithmetic — Cord & Tangent Law & CALGARY

Any line intersects E in three points.
@ Need to count multiplicities;

@ One of the points may be co.
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UNIVERSITY OF

Point Arithmetic — Cord & Tangent Law & CALGARY

Any line intersects E in three points.
@ Need to count multiplicities;

@ One of the points may be co.

Group Law on E(K):

o ldentity: oc.
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UNIVERSITY OF

Point Arithmetic — Cord & Tangent Law & CALGARY

Any line intersects E in three points.
@ Need to count multiplicities;

@ One of the points may be co.

Group Law on E(K):
o ldentity: oc.

@ Inverses: —p is defined as the third point of intersection of the line
through p and oo with E.
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UNIVERSITY OF

Point Arithmetic — Cord & Tangent Law & CALGARY

Any line intersects E in three points.
@ Need to count multiplicities;

@ One of the points may be co.

Group Law on E(K):
o ldentity: oc.
@ Inverses: —p is defined as the third point of intersection of the line

through p and oo with E.
For short WeierstraB models, this line is “vertical”, so if p = (xo, y0),

then —p = (x0, —y0).
e Addition:"Any three collinear points on E sum to zero (i.e. 00)
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UNIVERSITY OF

Point Arithmetic — Cord & Tangent Law & CALGARY

Any line intersects E in three points.
@ Need to count multiplicities;

@ One of the points may be co.

Group Law on E(K):
o ldentity: oc.
@ Inverses: —p is defined as the third point of intersection of the line
through p and oo with E.
For short WeierstraB models, this line is “vertical”, so if p = (xo, y0),
then —p = (x0, —y0).
e Addition:"Any three collinear points on E sum to zero (i.e. 00)

» If p # q, then —r is defined as the third point of intersection of
the secant line through p and g with r.
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UNIVERSITY OF

Point Arithmetic — Cord & Tangent Law & CALGARY

Any line intersects E in three points.
@ Need to count multiplicities;

@ One of the points may be co.

Group Law on E(K):

o ldentity: oo.

@ Inverses: —p is defined as the third point of intersection of the line
through p and oo with E.
For short WeierstraB models, this line is “vertical”, so if p = (xo, y0),
then —p = (x0, —y0).

e Addition:"Any three collinear points on E sum to zero (i.e. 00)

» If p # q, then —r is defined as the third point of intersection of

the secant line through p and g with r.
» If p = g, then —r is defined as the third point of intersection of

the tangent line at p to E.
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UNIVERSITY OF

Point Arithmetic — Cord & Tangent Law & CALGARY

Any line intersects E in three points.
@ Need to count multiplicities;

@ One of the points may be co.

Group Law on E(K):

o ldentity: oo.

@ Inverses: —p is defined as the third point of intersection of the line
through p and oo with E.
For short WeierstraB models, this line is “vertical”, so if p = (xo, y0),
then —p = (x0, —y0).

e Addition:"Any three collinear points on E sum to zero (i.e. 00)

» If p # q, then —r is defined as the third point of intersection of

the secant line through p and g with r.
» If p = g, then —r is defined as the third point of intersection of

the tangent line at p to E.
» Must then invert —r to obtain r.
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UNIVERSITY OF

Inverses on Elliptic Curves & CALGARY

10—+

D

54

-10+

(o) =7
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Inverses on Elliptic Curves

UNIVERSITY OF
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EEEY UNIVERSITY OF

rses on Elliptic & CALGARY

10—+

54+

D

54

-10+

ef+e+00=0 = —(e) = o
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Addition on Elliptic Curves

UNIVERSITY OF

¥ CA

LGARY

10—+

Renate Scheidler (Calgary)

o+ eo=7

Function Fields

PIMS NT Summer School

61/95



Addition on Elliptic Curves

UNIVERSITY OF

¥ CA

LGARY

10—+

Renate Scheidler

(Calgary)

Function Fields

PIMS NT Summer School



Addition on Elliptic Curves

UNIVERSITY OF

¥ CA

LGARY
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Addition on Elliptic Curves

UNIVERSITY OF

¥ CALGARY
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EEEY UNIVERSITY OF

Addition on Elliptic Curves & CALGARY

D

54

ot eoe+0=0 = ol eoe—oeo
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Doubling on Elliptic Curves

UNIVERSITY OF

¥ CA

LGARY

10—+
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UNIVERSITY OF

Doubling on Elliptic Curves & CALGARY

2xe+e0e=0 = 2 X e=oe
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Arithmetic on Short WEiel‘StraB Form EEEY UNIVERSITY OF

CALGARY
Let

P1 = (x1,51), P2 = (x2,y2) (Py # 00, Py # 00, Py + Py # 00) .

Then
*Pl == (le 7}/1)
Pi+ P, = (A2—X1 — X2, —)\3+/\(X1+X2)_,M)
where
27V ep s p, yixe — yoxi if P, % P,
Xo — X1 X2 —X1
- 3x2 + A "= —X3+AX1+25
AT P =P, L if PL="P
20 20
Renate Scheidler (Calgary)
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UNIVERSITY OF

Rational Points and Rational Places §/ CALGARY

Recall the addition law on P (F):

POQ=R & [P—Py]+[Q—Py]=[R- Pyl
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UNIVERSITY OF

Rational Points and Rational Places §/ CALGARY

Recall the addition law on P (F):

PEQ=R & [P—Px]+][Q—Px]=[R—Py]
& [P]+[Q] - [R] = [Px]
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g . .
Ratlonal PO“‘]ts and Rat|0na| Places UNIVERSITY OF

CALGARY

Recall the addition law on P (F):
PEQRQ=R & [P—Px]+[Q—Px]=[R—-Px]
& [P1+[Q] - [R] = [Px]

Recall the addition law on E(K): p+q— r = occ.
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UNIVERSITY OF

Rational Points and Rational Places §/ CALGARY

Recall the addition law on P (F):

PEQ=R & [P—Px]+][Q—Px]=[R—Py]
& [P]+[Q] - [R] = [Px]

Recall the addition law on E(K): p+q— r = occ.

o Let (x0,y0) € E(K)\ {oo}. Then exists a unique Py, ) € P1(F)
such that supp(div(x — xp)) N supp(div(y — yo)) = {P(XWO), Pso}.
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UNIVERSITY OF

Rational Points and Rational Places §/ CALGARY

Recall the addition law on P (F):

PEQ=R & [P—Px]+][Q—Px]=[R—Py]
& [P]+[Q] - [R] = [Px]

Recall the addition law on E(K): p+q— r = occ.

o Let (x0,y0) € E(K)\ {oo}. Then exists a unique Py, ) € P1(F)
such that supp(div(x — xp)) N supp(div(y — yo)) = {P(XWO), Pso}.

© The map V : E(K) — P1(K) via (x0, ¥0) = P(x,ye) and 00 > Pu is
a group isomorphism.
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UNIVERSITY OF

Rational Points and Rational Places §/ CALGARY

Recall the addition law on P (F):

PEQ=R & [P—Px]+][Q—Px]=[R—Py]
& [P]+[Q] - [R] = [Px]

Recall the addition law on E(K): p+q— r = occ.

o Let (x0,y0) € E(K)\ {oo}. Then exists a unique Py, ) € P1(F)
such that supp(div(x — xp)) N supp(div(y — yo)) = {P(XWO), Pso}.

© The map V : E(K) — P1(K) via (x0, ¥0) = P(x,ye) and 00 > Pu is
a group isomorphism.

So we have group isomorphisms

(E(K), point addition) «“s (Py(F),®) s (CI°(F), divisor addition)
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Hyperelliptic Function Fields



a 9 - .
Hyperelliptic Function Fields & CALGARY

Definition

A function field F/K is hyperelliptic if it has genus at least 2 and there
exists x € F such that [F : K(x)] = 2.
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a 9 - .
Hyperelliptic Function Fields ) CALGARY

Definition

A function field F/K is hyperelliptic if it has genus at least 2 and there
exists x € F such that [F : K(x)] = 2.

Every genus 2 function field is hyperelliptic. \
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a 9 - .
Hyperelliptic Function Fields & CALGARY

Definition

A function field F/K is hyperelliptic if it has genus at least 2 and there
exists x € F such that [F : K(x)] = 2.

Every genus 2 function field is hyperelliptic. \

Description: Write F = K(x, y) with [F : K(x)] = 2.
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UNIVERSITY OF

Hyperelliptic Function Fields & CALGARY

Definition

A function field F/K is hyperelliptic if it has genus at least 2 and there
exists x € F such that [F : K(x)] = 2.

Every genus 2 function field is hyperelliptic. \

Description: Write F = K(x, y) with [F : K(x)] = 2.
Then F/K(x) has a minimal polynomial of the form

y? + h(x)y = f(x)

where h(x) and f(x) are polynomials (after we make everything integral)
and h(x) = 0 if K has characteristic # 2.
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UNIVERSITY OF

Hyperelliptic Curves CALGARY

A hyperelliptic function field of genus g is of the form F = K(x, y) where
C : y2+ h(x)y = f(x)

with the following properties:
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UNIVERSITY OF

Hyperelliptic Curves CALGARY

A hyperelliptic function field of genus g is of the form F = K(x, y) where
C : y2+ h(x)y = f(x)

with the following properties:
o f(x),h(x) € K[x];
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UNIVERSITY OF

Hyperelliptic Curves CALGARY

A hyperelliptic function field of genus g is of the form F = K(x, y) where
C : y2+ h(x)y = f(x)

with the following properties:
o f(x),h(x) € K[x];

o C is irreducible over K(x);
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UNIVERSITY OF

Hyperelliptic Curves CALGARY

A hyperelliptic function field of genus g is of the form F = K(x, y) where
C : y2+ h(x)y = f(x)

with the following properties:
o f(x),h(x) € K[x];
o C is irreducible over K(x);

e C is non-singular (or smooth),
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UNIVERSITY OF

Hyperelliptic Curves CALGARY

A hyperelliptic function field of genus g is of the form F = K(x, y) where
C : y?> 4 h(x)y = f(x)

with the following properties:
o f(x),h(x) € K[x];
o C is irreducible over K(x);

e C is non-singular (or smooth), i.e. there are no simultaneous solutions
to C and its partial derivatives with respect to x and y.
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UNIVERSITY OF

Hyperelliptic Curves CALGARY

A hyperelliptic function field of genus g is of the form F = K(x, y) where
C : y?> 4 h(x)y = f(x)

with the following properties:
o f(x),h(x) € K[x];
o C is irreducible over K(x);
e C is non-singular (or smooth), i.e. there are no simultaneous solutions
to C and its partial derivatives with respect to x and y.

o deg(f)=2g+1or2g+2;
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UNIVERSITY OF

Hyperelliptic Curves CALGARY

A hyperelliptic function field of genus g is of the form F = K(x, y) where
C : y?> 4 h(x)y = f(x)

with the following properties:
o f(x),h(x) € K[x];
o C is irreducible over K(x);
e C is non-singular (or smooth), i.e. there are no simultaneous solutions
to C and its partial derivatives with respect to x and y.
o deg(f)=2g+1or2g+2;
o If K has characteristic # 2, then h(x) =0 ;
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UNIVERSITY OF

Hyperelliptic Curves ¥ CALGARY

A hyperelliptic function field of genus g is of the form F = K(x, y) where
C : y?> 4 h(x)y = f(x)

with the following properties:
o f(x),h(x) € K[x];
o C is irreducible over K(x);

e C is non-singular (or smooth), i.e. there are no simultaneous solutions
to C and its partial derivatives with respect to x and y.

o deg(f)=2g+1or2g+2;
o If K has characteristic # 2, then h(x) =0 ;
o If K has characteristic 2, then deg(h) < g when deg(f) =2g + 1,
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UNIVERSITY OF

Hyperelliptic Curves ¥ CALGARY

A hyperelliptic function field of genus g is of the form F = K(x, y) where
C : y?> 4 h(x)y = f(x)

with the following properties:
o f(x),h(x) € K[x];
o C is irreducible over K(x);

e C is non-singular (or smooth), i.e. there are no simultaneous solutions
to C and its partial derivatives with respect to x and y.

o deg(f)=2g+1or2g+2;
o If K has characteristic # 2, then h(x) =0 ;

o If K has characteristic 2, then deg(h) < g when deg(f) = 2g + 1, and
h(x) is monic of degree g + 1 when deg(f) = 2g + 2;
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UNIVERSITY OF

Hyperelliptic Curves ¥ CALGARY

A hyperelliptic function field of genus g is of the form F = K(x, y) where
C : y?> 4 h(x)y = f(x)

with the following properties:
o f(x),h(x) € K[x];
o C is irreducible over K(x);

e C is non-singular (or smooth), i.e. there are no simultaneous solutions
to C and its partial derivatives with respect to x and y.

o deg(f)=2g+1or2g+2;

o If K has characteristic # 2, then h(x) =0 ;

o If K has characteristic 2, then deg(h) < g when deg(f) = 2g + 1, and
h(x) is monic of degree g + 1 when deg(f) = 2g + 2;

C is a hyperelliptic curve of genus g over K.
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UNIVERSITY OF

Hyperelliptic Curves CALGARY

A hyperelliptic function field of genus g is of the form F = K(x, y) where
C : y?> 4 h(x)y = f(x)

with the following properties:
o f(x),h(x) € K[x];
o C is irreducible over K(x);

e C is non-singular (or smooth), i.e. there are no simultaneous solutions
to C and its partial derivatives with respect to x and y.

o deg(f)=2g+1or2g+2;
o If K has characteristic # 2, then h(x) :

=0
o If K has characteristic 2, then deg(h) < g when deg(f) = 2g + 1, and
h(x) is monic of degree g + 1 when deg(f) = 2g + 2;

C is a hyperelliptic curve of genus g over K.

Remark: The case g =1 and deg(f) odd also covers elliptic curves.
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UNIVERSITY OF

SET] ]SS CALGARY

o Every hyperelliptic curve over a field K of characteristic # 2 has the
form y? = f(x) with f(x) € K[x] squarefree.
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UNIVERSITY OF

SET] ]SS CALGARY

o Every hyperelliptic curve over a field K of characteristic # 2 has the
form y? = f(x) with f(x) € K[x] squarefree.

0 y>=x>—5x3+4x —1over Q, genus g =2:

101

/_\1 1 |
4 s

/N
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UNIVERSITY OF

SET] ]SS CALGARY

o Every hyperelliptic curve over a field K of characteristic # 2 has the
form y? = f(x) with f(x) € K[x] squarefree.

0 y>=x>—5x3+4x —1over Q, genus g =2:

101

/_\1 1 |
4 s

/N

Note that the cord & tangent law no longer works when g > 2.
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UNIVERSITY OF

SET] ]SS CALGARY

o Every hyperelliptic curve over a field K of characteristic # 2 has the
form y? = f(x) with f(x) € K[x] squarefree.

0 y>=x>—5x3+4x —1over Q, genus g =2:

101

/N

Note that the cord & tangent law no longer works when g > 2. In
fact, any injection ® : P1(F) — CI°(F) is no longer surjective.
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UNIVERSITY OF

Classification by to Splitting at Infinity & CALGARY

Let sgn(f) denote the leading coefficient of f(x).

Case 1: deg(f) = 2g + 1 (odd). Then the infinite place of K(x) ramifies
in F.
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Classification by to Splitting at Infinity & CALGARY

Let sgn(f) denote the leading coefficient of f(x).

Case 1: deg(f) = 2g + 1 (odd). Then the infinite place of K(x) ramifies
in F.

Case 2: deg(f) =2g + 2 (even) and
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UNIVERSITY OF

Classification by to Splitting at Infinity & CALGARY

Let sgn(f) denote the leading coefficient of f(x).

Case 1: deg(f) = 2g + 1 (odd). Then the infinite place of K(x) ramifies
in F.

Case 2: deg(f) =2g + 2 (even) and
sgn(f) is a square in K* when char(K) # 2;
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UNIVERSITY OF

Classification by to Splitting at Infinity & CALGARY

Let sgn(f) denote the leading coefficient of f(x).

Case 1: deg(f) = 2g + 1 (odd). Then the infinite place of K(x) ramifies
in F.

Case 2: deg(f) =2g + 2 (even) and
sgn(f) is a square in K* when char(K) # 2;
sgn(f) is of the form s? + s for some s € K when char(K) = 2.
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UNIVERSITY OF

Classification by to Splitting at Infinity & CALGARY

Let sgn(f) denote the leading coefficient of f(x).

Case 1: deg(f) = 2g + 1 (odd). Then the infinite place of K(x) ramifies
in F.

Case 2: deg(f) =2g + 2 (even) and

sgn(f) is a square in K* when char(K) # 2;

sgn(f) is of the form s? + s for some s € K when char(K) = 2.
Then the infinite place of K(x) splits in F.
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UNIVERSITY OF

Classification by to Splitting at Infinity & CALGARY

Let sgn(f) denote the leading coefficient of f(x).

Case 1: deg(f) = 2g + 1 (odd). Then the infinite place of K(x) ramifies
in F.

Case 2: deg(f) =2g + 2 (even) and

sgn(f) is a square in K* when char(K) # 2;

sgn(f) is of the form s? + s for some s € K when char(K) = 2.
Then the infinite place of K(x) splits in F.

Case 3: deg(f) =2g + 2 (even) and
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UNIVERSITY OF

Classification by to Splitting at Infinity & CALGARY

Let sgn(f) denote the leading coefficient of f(x).
Case 1: deg(f) = 2g + 1 (odd). Then the infinite place of K(x) ramifies
in F.

Case 2: deg(f) =2g + 2 (even) and

sgn(f) is a square in K* when char(K) # 2;

sgn(f) is of the form s? + s for some s € K when char(K) = 2.
Then the infinite place of K(x) splits in F.

Case 3: deg(f) =2g + 2 (even) and
sgn(f) is a non-square in K* when char(K) # 2;
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UNIVERSITY OF

Classification by to Splitting at Infinity & CALGARY

Let sgn(f) denote the leading coefficient of f(x).

Case 1: deg(f) = 2g + 1 (odd). Then the infinite place of K(x) ramifies
in F.

Case 2: deg(f) =2g + 2 (even) and

sgn(f) is a square in K* when char(K) # 2;

sgn(f) is of the form s? + s for some s € K when char(K) = 2.
Then the infinite place of K(x) splits in F.

Case 3: deg(f) =2g + 2 (even) and
sgn(f) is a non-square in K* when char(K) # 2;
sgn(f) is not of the form s? + s with s € K when char(K) = 2.
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UNIVERSITY OF

Classification by to Splitting at Infinity @ CALGARY

Let sgn(f) denote the leading coefficient of f(x).

Case 1: deg(f) = 2g + 1 (odd). Then the infinite place of K(x) ramifies
in F.

Case 2: deg(f) =2g + 2 (even) and

sgn(f) is a square in K* when char(K) # 2;

sgn(f) is of the form s? + s for some s € K when char(K) = 2.
Then the infinite place of K(x) splits in F.

Case 3: deg(f) = 2g + 2 (even) and

sgn(f) is a non-square in K* when char(K) # 2;

sgn(f) is not of the form s? + s with s € K when char(K) = 2.
Then the infinite place of K(x) is inert in F.
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UNIVERSITY OF

Classification by to Splitting at Infinity @ CALGARY

Let sgn(f) denote the leading coefficient of f(x).

Case 1: deg(f) = 2g + 1 (odd). Then the infinite place of K(x) ramifies
in F.

Case 2: deg(f) =2g + 2 (even) and

sgn(f) is a square in K* when char(K) # 2;

sgn(f) is of the form s? + s for some s € K when char(K) = 2.
Then the infinite place of K(x) splits in F.

Case 3: deg(f) = 2g + 2 (even) and

sgn(f) is a non-square in K* when char(K) # 2;

sgn(f) is not of the form s? + s with s € K when char(K) = 2.
Then the infinite place of K(x) is inert in F.

The representation of F/K(x) by C is referred to as ramified, split, and
inert according to these three cases
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UNIVERSITY OF

Classification by to Splitting at Infinity & CALGARY

Let sgn(f) denote the leading coefficient of f(x).

Case 1: deg(f) = 2g + 1 (odd). Then the infinite place of K(x) ramifies
in F.

Case 2: deg(f) =2g + 2 (even) and

sgn(f) is a square in K* when char(K) # 2;

sgn(f) is of the form s? + s for some s € K when char(K) = 2.
Then the infinite place of K(x) splits in F.

Case 3: deg(f) = 2g + 2 (even) and

sgn(f) is a non-square in K* when char(K) # 2;

sgn(f) is not of the form s? + s with s € K when char(K) = 2.
Then the infinite place of K(x) is inert in F.

The representation of F/K(x) by C is referred to as ramified, split, and
inert according to these three cases, or alternatively as imaginary, real, and

unusual.
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UNIVERSITY OF

Model Properties CALGARY

o Ramified representations are the function field analogue of imaginary
quadratic number fields.
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Model Properties CALGARY

o Ramified representations are the function field analogue of imaginary
quadratic number fields. Split representations are the function field
analogue of real quadratic number fields.
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UNIVERSITY OF

Model Properties CALGARY

o Ramified representations are the function field analogue of imaginary
quadratic number fields. Split representations are the function field
analogue of real quadratic number fields. Inert representations have
no number field analogue.
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UNIVERSITY OF

Model Properties CALGARY

o Ramified representations are the function field analogue of imaginary
quadratic number fields. Split representations are the function field
analogue of real quadratic number fields. Inert representations have
no number field analogue.

o The variable transformation x ++ 1/(x — a) and y + y/(x — a)&*1,
with f(a) # 0, converts a ramified representation of F/K(x) into a
split or inert representation of F/K(x) without changing the
underlying rational function field K(x).
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UNIVERSITY OF

Model Properties CALGARY

o Ramified representations are the function field analogue of imaginary
quadratic number fields. Split representations are the function field
analogue of real quadratic number fields. Inert representations have
no number field analogue.

o The variable transformation x ++ 1/(x — a) and y + y/(x — a)&*1,
with f(a) # 0, converts a ramified representation of F/K(x) into a
split or inert representation of F/K(x) without changing the
underlying rational function field K(x).

@ The same variable transformation, with f(a) = 0, converts an inert or
split representation of F/K(x) into a ramified representation of
F(a)/K(a)(x); note that this may require an extension of the
constant field.
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UNIVERSITY OF

Model Properties CALGARY

o Ramified representations are the function field analogue of imaginary
quadratic number fields. Split representations are the function field
analogue of real quadratic number fields. Inert representations have
no number field analogue.

o The variable transformation x ++ 1/(x — a) and y + y/(x — a)&*1,
with f(a) # 0, converts a ramified representation of F/K(x) into a
split or inert representation of F/K(x) without changing the
underlying rational function field K(x).

@ The same variable transformation, with f(a) = 0, converts an inert or
split representation of F/K(x) into a ramified representation of
F(a)/K(a)(x); note that this may require an extension of the
constant field.

o Inert models F/K(x) become split when considered over a quadratic
extension over K.
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UNIVERSITY OF

Model Properties CALGARY

o Ramified representations are the function field analogue of imaginary
quadratic number fields. Split representations are the function field
analogue of real quadratic number fields. Inert representations have
no number field analogue.

o The variable transformation x ++ 1/(x — a) and y + y/(x — a)&*1,
with f(a) # 0, converts a ramified representation of F/K(x) into a
split or inert representation of F/K(x) without changing the
underlying rational function field K(x).

@ The same variable transformation, with f(a) = 0, converts an inert or
split representation of F/K(x) into a ramified representation of
F(a)/K(a)(x); note that this may require an extension of the
constant field.

o Inert models F/K(x) become split when considered over a quadratic
extension over K. They don't exist over algebraically closed fields.
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UNIVERSITY OF

Model Properties CALGARY

o Ramified representations are the function field analogue of imaginary
quadratic number fields. Split representations are the function field
analogue of real quadratic number fields. Inert representations have
no number field analogue.

o The variable transformation x ++ 1/(x — a) and y + y/(x — a)&*1,
with f(a) # 0, converts a ramified representation of F/K(x) into a
split or inert representation of F/K(x) without changing the
underlying rational function field K(x).

@ The same variable transformation, with f(a) = 0, converts an inert or
split representation of F/K(x) into a ramified representation of
F(a)/K(a)(x); note that this may require an extension of the
constant field.

o Inert models F/K(x) become split when considered over a quadratic
extension over K. They don't exist over algebraically closed fields.
We will not discuss them here.
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UNIVERSITY OF

Reduced Divisors & CALGARY

Theorem

o Suppose F/K(x) is ramified, with infinite place Po, € P(F). Then
every degree divisor class in CI°(F) contains a unique divisor of the
form

D = Do — deg(Do)Poo
where Dy is effective, deg(Do) < g and P._ ¢ supp(Dy).
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UNIVERSITY OF

Reduced Divisors & CALGARY

Theorem

o Suppose F/K(x) is ramified, with infinite place Po, € P(F). Then
every degree divisor class in CI°(F) contains a unique divisor of the

form
D = Do — deg(Do)Poo

where Dy is effective, deg(Do) < g and P._ ¢ supp(Dy).

o Suppose F/K(x) is split, with infinite places Pu 1, Poo 2 € P(F).
Then every degree divisor class in CI°(F) contains a unique divisor of
the form

D = D() — deg(Do)Poo,z aF n('Doo,l — POO72) -

where Dy is effective, deg(Do) < g, Pso1, Pso2 & supp(Do) and
—[g/2] < n < |g/2| — deg(Dy).
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UNIVERSITY OF

Reduced Divisors & CALGARY

Theorem

o Suppose F/K(x) is ramified, with infinite place Po, € P(F). Then
every degree divisor class in CI°(F) contains a unique divisor of the

form
D = Do — deg(Do)Poo

where Dy is effective, deg(Do) < g and P._ ¢ supp(Dy).

o Suppose F/K(x) is split, with infinite places Pu 1, Poo 2 € P(F).
Then every degree divisor class in CI°(F) contains a unique divisor of
the form

D = D() — deg(Do)Poo,z aF n('Doo,l — POO72) -

where Dy is effective, deg(Do) < g, Pso1, Pso2 & supp(Do) and
—[g/2] < n < |g/2| — deg(Dy).

The divisor D is said to be reduced.
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Arithmetic in C/°(F) & CALGARY

Remarks:
e D is uniquely determined by Dy when F/K(x) is ramified and by the
pair (Do, n) when F/K(x) is split.
o “Generically” (i.e. for almost all classes in CI(F)), unless K is small,
we have deg(Dp) = g and hence
D = Dy — gP~ when F/K(x) is ramified,;
D= Dy— [g/2|Psx1— |g/2|Px, when F/K(x) is split.
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Arithmetic in C/°(F) & CALGARY

Remarks:

e D is uniquely determined by Dy when F/K(x) is ramified and by the
pair (Do, n) when F/K(x) is split.

o “Generically” (i.e. for almost all classes in CI(F)), unless K is small,
we have deg(Dg) = g and hence

D = Dy — gP~ when F/K(x) is ramified,;
D= Dy— [g/2|Psx1— |g/2|Px, when F/K(x) is split.

Arithmetic in C/°(F) is conducted on reduced divisors:
[D1] + [D2] = [Reduced divisor in the class of Dy + Ds]

where Dy and D> are reduced.
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UNIVERSITY OF

Arithmetic in C/°(F) CALGARY

Remarks:

e D is uniquely determined by Dy when F/K(x) is ramified and by the
pair (Do, n) when F/K(x) is split.

o “Generically” (i.e. for almost all classes in CI(F)), unless K is small,
we have deg(Dg) = g and hence

D = Dy — gP~ when F/K(x) is ramified,;
D= Dy— [g/2|Psx1— |g/2|Px, when F/K(x) is split.

Arithmetic in C/°(F) is conducted on reduced divisors:
[D1] + [D2] = [Reduced divisor in the class of Dy + Ds]
where Dy and D> are reduced.

Question: How to efficiently compute the reduced divisor in [D; + D5]?
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UNIVERSITY OF

Rational Points and Rational Places §/ CALGARY

Let (x0,¥0) € K x K be a rational point on C, i.e.

Y6 + h(xo)yo = g(x0) -
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Rational Points and Rational Places & CALGARY

Let (x0,¥0) € K x K be a rational point on C, i.e.

Y6 + h(xo)yo = g(x0) -

Then supp(div(x — xp)) N supp(div(y — o)) contains a unique finite

rational place P(,, ,.)-
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UNIVERSITY OF

Rational Points and Rational Places §/ CALGARY

Let (x0,¥0) € K x K be a rational point on C, i.e.

Y6 + h(xo)yo = g(x0) -

Then supp(div(x — xp)) N supp(div(y — o)) contains a unique finite

rational place P(,, ,.)-

As before, we identity (xo, yo) <> P(xo.y0), but this is no longer a group
isomorphism.

Renate Scheidler (Calgary) Function Fields PIMS NT Summer School 76 /95



UNIVERSITY OF

Rational Points and Rational Places §/ CALGARY

Let (x0,¥0) € K x K be a rational point on C, i.e.

Y6 + h(xo)yo = g(x0) -

Then supp(div(x — xp)) N supp(div(y — o)) contains a unique finite
rational place P(,, ,.)-

As before, we identity (x0,0) <> P(x,,y), but this is no longer a group
isomorphism.

A divisor of the form

D= P;€Div(F) with P; € P;(F) foralli
i=1

can thus be identified with a multiset of r rational points on C.
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UNIVERSITY OF

Example, Genus 2, Ramified Model & CALGARY

Dy = P21+ Poyy Dy = Po1y + P3,—11)
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oo
Group Law, Genus 2, Ramified Models ) CALGARY

o Generic reduced divisors are determined by two finite points on C.
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UNIVERSITY OF

Group Law, Genus 2, Ramified Models & CALGARY

o Generic reduced divisors are determined by two finite points on C.

@ The sum of two generic divisors consists of 4 finite points.
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UNIVERSITY OF

Group Law, Genus 2, Ramified Models & CALGARY

o Generic reduced divisors are determined by two finite points on C.
@ The sum of two generic divisors consists of 4 finite points.

@ Any 4 points on C determine a cubic y = v(x) with deg(v(x)) = 3.
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UNIVERSITY OF

Group Law, Genus 2, Ramified Models & CALGARY

o Generic reduced divisors are determined by two finite points on C.
@ The sum of two generic divisors consists of 4 finite points.

@ Any 4 points on C determine a cubic y = v(x) with deg(v(x)) = 3.
This cubic intersects C in two more points (again need to account for
multiplicities)
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UNIVERSITY OF

Group Law, Genus 2, Ramified Models & CALGARY

o Generic reduced divisors are determined by two finite points on C.
@ The sum of two generic divisors consists of 4 finite points.

@ Any 4 points on C determine a cubic y = v(x) with deg(v(x)) = 3.
This cubic intersects C in two more points (again need to account for
multiplicities)

Degree 2 divisor class addition:
o lIdentity: [0] (Do) = 0).
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UNIVERSITY OF

Group Law, Genus 2, Ramified Models & CALGARY

o Generic reduced divisors are determined by two finite points on C.
@ The sum of two generic divisors consists of 4 finite points.

@ Any 4 points on C determine a cubic y = v(x) with deg(v(x)) = 3.
This cubic intersects C in two more points (again need to account for
multiplicities)

Degree 2 divisor class addition:
o lIdentity: [0] (Do) = 0).
o Inverses: invert points as before; the inverse of a divisor D consists of

the inverses of the points in supp(D).

o Addition: “Any three degree 2 divisors on C lying on a cubic sum to
zero."
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Inverses in Genus 2, Ramified Models & CALGARY

—(o—l—o):o+o
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Addition in Genus 2, Ramified Models &) CALGARY

(o 0) + (o+9) =7
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Addition in Genus 2, Ramified Models &) CALGARY

/

(o 0) + (o+9) =7
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Addition in Genus 2, Ramified Models &) CALGARY

/
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Addition in Genus 2, Ramified Models &) CALGARY

/

(o+o)+(o—|—o)+(o+o):0
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Addition in Genus 2, Ramified Models &) CALGARY

/
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Addition in Genus 2, Ramified Models &) CALGARY

(e+e)+(oe+e)=90+0e0
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UNIVERSITY OF

Addition Procedure CALGARY

To add two divisors D = P; + P, and E = Q1 + Q»:
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UNIVERSITY OF

Addition Procedure CALGARY

To add two divisors D = P; + P, and E = Q1 + Q»:

@ The four points corresponding to the placesP:, P>, Q1, Q> lie on a
unique cubic y = v(x).
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0N g
Addition Procedure & CALGARY

To add two divisors D = P; + P, and E = Q1 + Q»:

@ The four points corresponding to the placesP:, P>, Q1, Q> lie on a
unique cubic y = v(x).

o This cubic intersects C in two more points corresponding to two
places —R; and —Rs:
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0N g
Addition Procedure & CALGARY

To add two divisors D = P; + P> and E = Q1 + @

@ The four points corresponding to the placesP:, P>, Q1, Q> lie on a
unique cubic y = v(x).

o This cubic intersects C in two more points corresponding to two
places —R; and —Rs:

» The x-coordinates of these points can be obtained by finding the
remaining two roots of the sextic v(x)? + h(x)v(x) — f(x).
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Addition Procedure & CALGARY

To add two divisors D = P; + P> and E = Q1 + @

@ The four points corresponding to the placesP:, P>, Q1, Q> lie on a
unique cubic y = v(x).

o This cubic intersects C in two more points corresponding to two
places —R; and —Rs:

» The x-coordinates of these points can be obtained by finding the
remaining two roots of the sextic v(x)? + h(x)v(x) — f(x).

» The y-coordinates of these points can be obtained by
substituting the x-coordinates into y = v(x).

Renate Scheidler (Calgary) Function Fields PIMS NT Summer School 84 /95



0N g
Addition Procedure & CALGARY

To add two divisors D = P; + P> and E = Q1 + @

@ The four points corresponding to the placesP:, P>, Q1, Q> lie on a
unique cubic y = v(x).

o This cubic intersects C in two more points corresponding to two
places —R; and —Rs:

» The x-coordinates of these points can be obtained by finding the
remaining two roots of the sextic v(x)? + h(x)v(x) — f(x).

» The y-coordinates of these points can be obtained by
substituting the x-coordinates into y = v(x).

) [Pl + Py — 2POO] + [Ql + @ — 2Poo] -+ [—Rl — Ry — 2Poo] = [0]
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UNIVERSITY OF

Addition Procedure CALGARY

To add two divisors D = P; + P> and E = Q1 + @

@ The four points corresponding to the placesP:, P>, Q1, Q> lie on a
unique cubic y = v(x).

o This cubic intersects C in two more points corresponding to two
places —R; and —Rs:

» The x-coordinates of these points can be obtained by finding the
remaining two roots of the sextic v(x)? + h(x)v(x) — f(x).

» The y-coordinates of these points can be obtained by
substituting the x-coordinates into y = v(x).

) [Pl + Py — 2POO] + [Ql + @ — 2Poo] -+ [—Rl — Ry — 2Poo] = [0]

0 S0 [P+ P> — 2P ] + [Q1 + @ — 2P| = [R1 + Ro — 2Py].
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UNIVERSITY OF

Addition Example CALGARY

Consider C : y? = f(x) with f(x) = x® — 5x3 + 4x + 1 over Q.
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UNIVERSITY OF

Addition Example CALGARY

Consider C : y? = f(x) with f(x) = x® — 5x3 + 4x + 1 over Q.
To add [P(_Q’]_) + P(()’]_) - 2Poo] and [P(Q’]_) + P(37,11) - 2Pc>o]
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UNIVERSITY OF

Addition Example CALGARY

Consider C : y? = f(x) with f(x) = x® — 5x3 + 4x + 1 over Q.
To add [P(_Q’]_) + P(()’]_) - 2Poo] and [P(Q’]_) + P(37,11) - 2Pc>o]

@ The unique cubic through (—2,1), (0,1), (2,1) and (3, —11) is
y = v(x) with v(x) = —(4/5)x3 + (16/5)x + 1.
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UNIVERSITY OF

Addition Example CALGARY

Consider C : y? = f(x) with f(x) = x® — 5x3 + 4x + 1 over Q.
To add [P(_Q’]_) + P(()’]_) - 2Poo] and [P(Q’]_) + P(37,11) - 2Pc>o]

@ The unique cubic through (—2,1), (0,1), (2,1) and (3, —11) is
y = v(x) with v(x) = —(4/5)x> + (16/5)x + 1.

o The equation v(x)? = f(x) becomes
(x = (—=2))(x = 0)(x — 2)(x — 3)(16x*> +23x +5) =0 .
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UNIVERSITY OF

Addition Example CALGARY

Consider C : y? = f(x) with f(x) = x® — 5x3 + 4x + 1 over Q.
To add [P(_Q’]_) + P(()’]_) - 2Poo] and [P(Q’]_) + P(37,11) - 2Pc>o]
@ The unique cubic through (—2,1), (0,1), (2,1) and (3, —11) is
y = v(x) with v(x) = —(4/5)x> + (16/5)x + 1.
o The equation v(x)? = f(x) becomes
(x = (—=2))(x = 0)(x — 2)(x — 3)(16x*> +23x +5) =0 .
—23+ /209

@ The roots of 16x2 + 23x + 5 are o
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UNIVERSITY OF

Addition Example CALGARY

Consider C : y? = f(x) with f(x) = x® — 5x3 + 4x + 1 over Q.
To add [P(_Q’]_) + P(()’]_) - 2Poo] and [P(Q’]_) + P(37,11) - 2Pc>o]

@ The unique cubic through (—2,1), (0,1), (2,1) and (3, —11) is
y = v(x) with v(x) = —(4/5)x> + (16/5)x + 1.

o The equation v(x)? = f(x) becomes
(x = (—=2))(x = 0)(x — 2)(x — 3)(16x*> +23x +5) =0 .

@ The roots of 16x2 + 23x + 5 are w
—1333 £ 115+/209

@ The corresponding y-coordinates are

2048
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UNIVERSITY OF

Addition Example CALGARY

Consider C : y? = f(x) with f(x) = x® — 5x3 + 4x + 1 over Q.
To add [P(_Q’]_) + P(()’]_) - 2Poo] and [P(Q’]_) + P(37,11) - 2Pc>o]

@ The unique cubic through (—2,1), (0,1), (2,1) and (3, —11) is
y = v(x) with v(x) = —(4/5)x> + (16/5)x + 1.

o The equation v(x)? = f(x) becomes
(x = (—=2))(x = 0)(x — 2)(x — 3)(16x*> +23x +5) =0 .

@ The roots of 16x2 + 23x + 5 are w
—1333 £ 115+/209

@ The corresponding y-coordinates are

2048
° [P(_271) + P(Ovl) - 2POO] + [P(2,1) + P(37_11) — 2Poo]
= [P ys) T Px_y_) — 2Ps] where

—23 4+ /209 1333 F 115v/209
(Xt y4+) = ,
32 2048
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H
Mumford Representatlorl UNIVERSITY OF

CALGARY

Note that our final divisor D consisted of points with irrational coordinates

(though with lots of symmetries), whereas all our polynomials had rational
coefficients.
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UNIVERSITY OF

Mumford Representation CALGARY

Note that our final divisor D consisted of points with irrational coordinates
(though with lots of symmetries), whereas all our polynomials had rational
coefficients.

Avoid points altogether and work only with polynomials over K:
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UNIVERSITY OF

Mumford Representation CALGARY

Note that our final divisor D consisted of points with irrational coordinates
(though with lots of symmetries), whereas all our polynomials had rational
coefficients.

Avoid points altogether and work only with polynomials over K:

The Mumford representation of a divisor D = P, ) + P(y,,,) on a
genus 2 ramified curve is the pair of polynomials (u(x), v(x))
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UNIVERSITY OF

Mumford Representation CALGARY

Note that our final divisor D consisted of points with irrational coordinates
(though with lots of symmetries), whereas all our polynomials had rational
coefficients.

Avoid points altogether and work only with polynomials over K:

The Mumford representation of a divisor D = P, ) + P(y,,,) on a
genus 2 ramified curve is the pair of polynomials (u(x), v(x)) where

o u(x)=(x—x1)(x — x2).
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UNIVERSITY OF

Mumford Representation CALGARY

Note that our final divisor D consisted of points with irrational coordinates
(though with lots of symmetries), whereas all our polynomials had rational
coefficients.

Avoid points altogether and work only with polynomials over K:

The Mumford representation of a divisor D = P, ) + P(y,,,) on a
genus 2 ramified curve is the pair of polynomials (u(x), v(x)) where

o u(x)=(x—x1)(x — x2).

@ y = v(x) is the line through (x1,y1) and (x2, y2)
(the tangent line to C at (x1,y1) if (x1,y1) = (x2, y2)).
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UNIVERSITY OF

Mumford Representation CALGARY

Note that our final divisor D consisted of points with irrational coordinates
(though with lots of symmetries), whereas all our polynomials had rational
coefficients.

Avoid points altogether and work only with polynomials over K:

The Mumford representation of a divisor D = P, ) + P(y,,,) on a
genus 2 ramified curve is the pair of polynomials (u(x), v(x)) where

o u(x)=(x—x1)(x — x2).

@ y = v(x) is the line through (x1,y1) and (x2, y2)
(the tangent line to C at (x1,y1) if (x1,y1) = (x2, y2)).

Write D = [u, v].
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UNIVERSITY OF

Mumford Representation CALGARY

Note that our final divisor D consisted of points with irrational coordinates
(though with lots of symmetries), whereas all our polynomials had rational
coefficients.

Avoid points altogether and work only with polynomials over K:

The Mumford representation of a divisor D = P, ) + P(y,,,) on a
genus 2 ramified curve is the pair of polynomials (u(x), v(x)) where

o u(x)=(x—x1)(x — x2).

@ y = v(x) is the line through (x1,y1) and (x2, y2)
(the tangent line to C at (x1,y1) if (x1,y1) = (x2, y2)).

Write D = [u, v].

Remark: u(x), v(x) have coefficients in K.
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Divisor Addition Via Mumford Reps & CALGARY

To add two disjoint divisors D; = [u1, v1] and D, = [u2, v2] on a genus 2
ramified curve
C:y>+hy=f
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Divisor Addition Via Mumford Reps ) CALGARY

To add two disjoint divisors D; = [u1, v1] and D, = [u2, v2] on a genus 2
ramified curve
C:y>+hy=f
@ Collect the four x-coordinates of the points in D; and D»:

u=uily .
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Divisor Addition Via Mumford Reps ) CALGARY

To add two disjoint divisors D; = [u1, v1] and D, = [u2, v2] on a genus 2
ramified curve
C:y>+hy=f
@ Collect the four x-coordinates of the points in D; and D»:
u=uuy .
@ Find the cubic y = v(x) determined by the points in D; and D5:

o {Vl (mod u1) s

v =
vo  (mod w) .
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Divisor Addition Via Mumford Reps ) CALGARY

To add two disjoint divisors D; = [u1, v1] and D, = [u2, v2] on a genus 2
ramified curve
C:y>+hy=f
@ Collect the four x-coordinates of the points in D; and D»:
u=uuy .
@ Find the cubic y = v(x) determined by the points in D; and D5:
%1 (mod u1) s
v =
vo  (mod w) .
© Find the remaining two roots of v — hv — f:

u (F—=vh—v¥)/u.
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Divisor Addition Via Mumford Reps 0 CALGARY

To add two disjoint divisors D; = [u1, v1] and D, = [u2, v2] on a genus 2
ramified curve
C:y>+hy=f
@ Collect the four x-coordinates of the points in D; and D»:
u=uuy .
@ Find the cubic y = v(x) determined by the points in D; and D5:
v (mod u1) ,
' {VQ (mod w) .
© Find the remaining two roots of v — hv — f:
u (F—=vh—v¥)/u.
© Replace the intersection divisor of v and C by its opposite:

v (—v—~h) (modu).
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Divisor Addition Via Mumford Reps ) CALGARY

To add two disjoint divisors D; = [u1, v1] and D, = [u2, v2] on a genus 2
ramified curve
C:y>+hy=f
@ Collect the four x-coordinates of the points in D; and D»:
u=uuy .
@ Find the cubic y = v(x) determined by the points in D; and D5:
v (mod u1) ,
' {VQ (mod w) .
© Find the remaining two roots of v — hv — f:
u (F—=vh—v¥)/u.
© Replace the intersection divisor of v and C by its opposite:
v (—v—~h) (modu).
@ Output Dy + D> = [u, v].
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UNIVERSITY OF

Mumford Arithmetic — Example @ CALGARY

Consider again C : y? = f(x) with f(x) = x> — 5x3 + 4x + 1 over Q.
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UNIVERSITY OF

Mumford Arithmetic — Example @ CALGARY

Consider again C : y? = f(x) with f(x) = x> — 5x3 + 4x + 1 over Q.
Compute D; 4+ D, with Dy = P(_271) + P(O,l) and D, = P(271) + P(3’_11):
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Mumford Arithmetic — Example & Luversy or

CALGARY
Consider again C : y? = f(x) with f(x) = x> — 5x3 + 4x + 1 over Q.
Compute D; 4+ D, with Dy = P(_271) + P(O,l) and D, = P(271) + P(3’_11):

Mumford representation of Di: u1(x) = x? + 2x, vi(x) = 1.
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q o
Mumford Arithmetic — Example &) CALGARY

Consider again C : y? = f(x) with f(x) = x> — 5x3 + 4x + 1 over Q.
Compute D; 4+ D, with Dy = P(_271) + P(O,l) and D, = P(271) + P(3’_11):

Mumford representation of Di: u1(x) = x? + 2x, vi(x) = 1.

Mumford representation of Da: ua(x) = x? — 5x + 6, va(x) = —12x + 25.
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Mumford Arithmetic — Example & CALGARY

Consider again C : y? = f(x) with f(x) = x> — 5x3 + 4x + 1 over Q.
Compute D; 4+ D, with Dy = P(_271) + P(O,l) and D, = P(271) + P(3’_11):

Mumford representation of Di: u1(x) = x? + 2x, vi(x) = 1.
Mumford representation of D2: up(x) = x? — 5x + 6, va(x) = —12x + 25.
u(x) = ur(x)ua(x) = x* — 3x3 — 4x2 + 12x ;
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Mumford Arithmetic — Example & CALGARY

Consider again C : y? = f(x) with f(x) = x> — 5x3 + 4x + 1 over Q.
Compute D; 4+ D, with Dy = P(_271) + P(O,l) and D, = P(271) + P(3’_11):

Mumford representation of Di: u1(x) = x? + 2x, vi(x) = 1.
Mumford representation of D2: up(x) = x? — 5x + 6, va(x) = —12x + 25.
u(x) = u(x)ua(x) = x* — 3x3 — 4x2 + 12x ;

v(x) = —(4/5)x3 + (16/5)x + 1 ;
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Mumford Arithmetic — Example & CALGARY

Consider again C : y? = f(x) with f(x) = x> — 5x3 + 4x + 1 over Q.
Compute D; 4+ D, with Dy = P(_271) + P(O,l) and D, = P(271) + P(3’_11):

Mumford representation of Di: u1(x) = x? + 2x, vi(x) = 1.
Mumford representation of D2: up(x) = x? — 5x + 6, va(x) = —12x + 25.
u(x) = u(x)ua(x) = x* — 3x3 — 4x2 + 12x ;

v(x) = —(4/5)x> + (16/5)x + 1 ;
u(x) + (f(x) — v(x)?)/u(x) = 16x> +23x + 5 ;
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Mumford Arithmetic — Example & CALGARY

Consider again C : y? = f(x) with f(x) = x> — 5x3 + 4x + 1 over Q.
Compute D; 4+ D, with Dy = P(_271) + P(O,l) and D, = P(271) + P(3’_11):

Mumford representation of Di: u1(x) = x? + 2x, vi(x) = 1.
Mumford representation of D2: up(x) = x? — 5x + 6, va(x) = —12x + 25.
u(x) = u(x)ua(x) = x* — 3x3 — 4x2 + 12x ;

v(x) = —(4/5)x® + (16/5)x + 1 ;
u(x) < (F(x) = v(x)?)/u(x) = 16x* + 23x + 5 ;
(x) = —v(x) (mod u(x)) = (16x — 23)/320 ;

V(X
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Mumford Arithmetic — Example & CALGARY

Consider again C : y? = f(x) with f(x) = x> — 5x3 + 4x + 1 over Q.
Compute D; 4+ D, with Dy = P(_271) + P(O,l) and D, = P(271) + P(3’_11):

Mumford representation of Di: u1(x) = x? + 2x, vi(x) = 1.
Mumford representation of D2: up(x) = x? — 5x + 6, va(x) = —12x + 25.
u(x) = u(x)ua(x) = x* — 3x3 — 4x2 + 12x ;

v(x) = —(4/5)x® + (16/5)x + 1 ;
u(x) < (F(x) = v(x)?)/u(x) = 16x* + 23x + 5 ;
(x) = —v(x) (mod u(x)) = (16x — 23)/320 ;

V(X

Mumford rep of Dy 4+ D>
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Mumford Arithmetic — Example & CALGARY

Consider again C : y? = f(x) with f(x) = x> — 5x3 + 4x + 1 over Q.
Compute D; 4+ D, with Dy = P(_271) + P(O,l) and D, = P(271) + P(3’_11):

Mumford representation of Di: u1(x) = x? + 2x, vi(x) = 1.
Mumford representation of D2: up(x) = x? — 5x + 6, va(x) = —12x + 25.
u(x) = u(x)ua(x) = x* — 3x3 — 4x2 + 12x ;

V(X

(x) = —(4/5)x* + (16/5)x + 1 ;
u(x) = (f(x) = v(x)?)/u(x) = 16x* +23x +5 ;
(x) = —v(x) (mod u(x)) = (16x — 23)/320 ;

V(X

Mumford rep of D1 + D2 = P( —23++/209 1333415@) + P<723—\/@ 1333+115\/2@):
32 ’ 2048 32 ’ 2048
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Mumford Arithmetic — Example & CALGARY

Consider again C : y? = f(x) with f(x) = x> — 5x3 + 4x + 1 over Q.
Compute D; 4+ D, with Dy = P(_271) + P(O,l) and D, = P(271) + P(3’_11):

Mumford representation of Di: u1(x) = x? + 2x, vi(x) = 1.
Mumford representation of D2: up(x) = x? — 5x + 6, va(x) = —12x + 25.
u(x) = u(x)ua(x) = x* — 3x3 — 4x2 + 12x ;

V(X

(x) = —(4/5)x* + (16/5)x + 1 ;
u(x) = (f(x) = v(x)?)/u(x) = 16x* +23x +5 ;
(x) = —v(x) (mod u(x)) = (16x — 23)/320 ;

V(X

Mumford rep of Dy + D> = 'D( —23+1/209 1333415@) + P<723—\/@ 1333+115\/2@):
32 ’ 2048 32 ’ 2048
u(x) = 16x2 + 23x + 5, v(x) = (16x — 23)/320.
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UNIVERSITY OF

General Arithmetic on Ramified Models §/ CALGARY

Generalization to ramified models of arbitrary genus g:
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UNIVERSITY OF

General Arithmetic on Ramified Models §/ CALGARY

Generalization to ramified models of arbitrary genus g:

@ Reduced divisors correspond to multisets of up to g points.
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UNIVERSITY OF

General Arithmetic on Ramified Models §/ CALGARY

Generalization to ramified models of arbitrary genus g:

@ Reduced divisors correspond to multisets of up to g points.

@ Mumford representations [u, v] uniquely determine a reduced divisor
and satisfy
deg(v) < deg(u) < g .

o ldentity and Inverses as before.

o Addition Motto: “Any three divisors on C lying on a function of
degree < 2g — 1 sum to zero."
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UNIVERSITY OF

Addition on Genus g Ramified Models § CALGARY

Let Dy =Pi+---+P,and Dy = Q1 + -+ + Qs (r,s < g) be disjoint.

“If deg(D) = g + 1 in the last iteration, then the equation has 2g + 1 roots.
In this case, deg(D) decreases by 1 only, from g+ 1 to g.
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UNIVERSITY OF

Addition on Genus g Ramified Models @ CALGARY

Let Dy =Pi+---+P,and Dy = Q1 + -+ + Qs (r,s < g) be disjoint.
To add [D; — rPs] and [Dy — sPy]:

“If deg(D) = g + 1 in the last iteration, then the equation has 2g + 1 roots.
In this case, deg(D) decreases by 1 only, from g 4+ 1 to g.
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UNIVERSITY OF

Addition on Genus g Ramified Models @ CALGARY

Let Dy =Pi+---+P,and Dy = Q1 + -+ + Qs (r,s < g) be disjoint.
To add [D; — rPs] and [Dy — sPy]:

QPutD=Pi+ -+ P +Q++Q

“If deg(D) = g + 1 in the last iteration, then the equation has 2g + 1 roots.
In this case, deg(D) decreases by 1 only, from g 4+ 1 to g.
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UNIVERSITY OF

Addition on Genus g Ramified Models @ CALGARY

Let Dy =Pi+---+P,and Dy = Q1 + -+ + Qs (r,s < g) be disjoint.
To add [D; — rPs] and [Dy — sPy]:

QPutD=P+ - +P+ Q1+ -+ Q //(deg(D)=r+s<2g).

“If deg(D) = g + 1 in the last iteration, then the equation has 2g + 1 roots.
In this case, deg(D) decreases by 1 only, from g 4+ 1 to g.
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UNIVERSITY OF

Addition on Genus g Ramified Models @ CALGARY

Let Dy =Pi+---+P,and Dy = Q1 + -+ + Qs (r,s < g) be disjoint.
To add [D; — rPs] and [Dy — sPy]:

QPutD=P + - +P+Q+-+Q //(deg(D)=r+s<2g).
Q Repeat until deg(D) < g (up to [g/2] times):

“If deg(D) = g + 1 in the last iteration, then the equation has 2g + 1 roots.
In this case, deg(D) decreases by 1 only, from g 4+ 1 to g.
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UNIVERSITY OF

Addition on Genus g Ramified Models § CALGARY

Let Dy =Pi+---+P,and Dy = Q1 + -+ + Qs (r,s < g) be disjoint.

To add [D; — rPy] and [Dy — sPy]:
QPutD=P+ - +P+Q+ - +Q //(deg(D) =r+s<2g).
Q Repeat until deg(D) < g (up to [g/2] times):

@ Compute the unique function y = v(x) with
deg(v) = deg(D) — 1 through the points in supp(D).

“If deg(D) = g + 1 in the last iteration, then the equation has 2g + 1 roots.
In this case, deg(D) decreases by 1 only, from g 4+ 1 to g.
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UNIVERSITY OF

Addition on Genus g Ramified Models § CALGARY

Let Dy =Pi+---+P,and Dy = Q1 + -+ + Qs (r,s < g) be disjoint.
To add [D; — rPy] and [Dy — sPy]:

QPutD=P+ - +P+Q+ - +Q //(deg(D) =r+s<2g).
Q Repeat until deg(D) < g (up to [g/2] times):
@ Compute the unique function y = v(x) with
deg(v) = deg(D) — 1 through the points in supp(D).
@ The equation v + hv — f = 0 has 2deg(D) — 2 roots.*

“If deg(D) = g + 1 in the last iteration, then the equation has 2g + 1 roots.
In this case, deg(D) decreases by 1 only, from g 4+ 1 to g.
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UNIVERSITY OF

Addition on Genus g Ramified Models § CALGARY

Let Dy =Pi+---+P,and Dy = Q1 + -+ + Qs (r,s < g) be disjoint.
To add [D; — rPy] and [Dy — sPy]:

QPutD=P+ - +P+Q+ - +Q //(deg(D) =r+s<2g).
Q Repeat until deg(D) < g (up to [g/2] times):
o Compute the unique function y = v(x) with
deg(v) = deg(D) — 1 through the points in supp(D).
@ The equation v + hv — f = 0 has 2deg(D) — 2 roots.*
deg(D) of these are the x-coordinates of the points in supp(D).

“If deg(D) = g + 1 in the last iteration, then the equation has 2g + 1 roots.
In this case, deg(D) decreases by 1 only, from g 4+ 1 to g.
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UNIVERSITY OF

Addition on Genus g Ramified Models § CALGARY

Let Dy =Pi+---+P,and Dy = Q1 + -+ + Qs (r,s < g) be disjoint.
To add [D; — rPy] and [Dy — sPy]:

QPutD=P+ - +P+Q+ - +Q //(deg(D) =r+s<2g).
Q Repeat until deg(D) < g (up to [g/2] times):
o Compute the unique function y = v(x) with
deg(v) = deg(D) — 1 through the points in supp(D).
@ The equation v + hv — f = 0 has 2deg(D) — 2 roots.*
deg(D) of these are the x-coordinates of the points in supp(D).
Denote the remaining roots by xi, ..., Xgeg(D)—2-

“If deg(D) = g + 1 in the last iteration, then the equation has 2g + 1 roots.
In this case, deg(D) decreases by 1 only, from g 4+ 1 to g.
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UNIVERSITY OF

Addition on Genus g Ramified Models § CALGARY

Let Dy =Pi+---+P,and Dy = Q1 + -+ + Qs (r,s < g) be disjoint.
To add [D; — rPy] and [Dy — sPy]:

QPutD=P+ - +P+Q+ - +Q //(deg(D) =r+s<2g).
Q Repeat until deg(D) < g (up to [g/2] times):
o Compute the unique function y = v(x) with
deg(v) = deg(D) — 1 through the points in supp(D).
@ The equation v + hv — f = 0 has 2deg(D) — 2 roots.*
deg(D) of these are the x-coordinates of the points in supp(D).
Denote the remaining roots by xi, ..., Xgeg(D)—2-
@ Substitute the x; into y = v(x), i.e. compute y; = v(x;) and put
—R,' = 'D(X,',y,')' for 1 < i < deg(D) — 2.

“If deg(D) = g + 1 in the last iteration, then the equation has 2g + 1 roots.
In this case, deg(D) decreases by 1 only, from g 4+ 1 to g.
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UNIVERSITY OF

Addition on Genus g Ramified Models ) CALGARY

Let Dy =Pi+---+P,and Dy = Q1 + -+ + Qs (r,s < g) be disjoint.
To add [D; — rPy] and [Dy — sPy]:

QPutD=P+ - +P+Q+ - +Q //(deg(D) =r+s<2g).
Q Repeat until deg(D) < g (up to [g/2] times):
o Compute the unique function y = v(x) with
deg(v) = deg(D) — 1 through the points in supp(D).
@ The equation v + hv — f = 0 has 2deg(D) — 2 roots.*
deg(D) of these are the x-coordinates of the points in supp(D).
Denote the remaining roots by xi, ..., Xgeg(D)—2-
@ Substitute the x; into y = v(x), i.e. compute y; = v(x;) and put
—R,' = 'D(X,',y,')' for 1 < i < deg(D) — 2.
o Put D:R1+R2—|—~-'+R|D|_2.

“If deg(D) = g + 1 in the last iteration, then the equation has 2g + 1 roots.
In this case, deg(D) decreases by 1 only, from g 4+ 1 to g.
Renate Scheidler (Calgary) Function Fields PIMS NT Summer School 90 /95



UNIVERSITY OF

Addition on Genus g Ramified Models & CALGARY

Let Dy =Pi+---+P,and Dy = Q1 + -+ + Qs (r,s < g) be disjoint.
To add [D; — rPy] and [Dy — sPy]:

QPutD=P+ - +P+Q+ - +Q //(deg(D) =r+s<2g).
Q Repeat until deg(D) < g (up to [g/2] times):
o Compute the unique function y = v(x) with
deg(v) = deg(D) — 1 through the points in supp(D).
@ The equation v + hv — f = 0 has 2deg(D) — 2 roots.*
deg(D) of these are the x-coordinates of the points in supp(D).
Denote the remaining roots by xi, ..., Xgeg(D)—2-

@ Substitute the x; into y = v(x), i.e. compute y; = v(x;) and put
—R,' = 'D(X,',y,')' for 1 < i < deg(D) — 2.
o Put D:R1+R2—|—~-'+R|D|_2.
© Output [D — deg(D)P).

“If deg(D) = g + 1 in the last iteration, then the equation has 2g + 1 roots.
In this case, deg(D) decreases by 1 only, from g + 1 to g.
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UNIVERSITY OF

Mumford Representations CALGARY

Suppose supp(D) contains r places P; = P(,, ) where where each point
(xi, yi) occurs m; times.
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H
Mumford Representatlorls UNIVERSITY OF

CALGARY

Suppose supp(D) contains r places P; = P(,, ) where where each point
(xi, yi) occurs m; times.

Mumford representation: D = [u, v] where
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H
Mumford Representatlorls UNIVERSITY OF

CALGARY

Suppose supp(D) contains r places P; = P(,, ) where where each point
(xi, yi) occurs m; times.

Mumford representation: D = [u, v] where
r

u(x) = H(X — x;)™.

i=1
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H
Mumford Representatlorls UNIVERSITY OF

CALGARY

Suppose supp(D) contains r places P; = P(,, ) where where each point
(xi, yi) occurs m; times.

Mumford representation: D = [u, v] where
r

u(x) = H(X — x;)™.

i=1

<;i>l VO +v(x)h(x) = F()] =0 (0<j<m—1).

X=X
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H
Mumford Representatlorls UNIVERSITY OF

CALGARY

Suppose supp(D) contains r places P; = P(,, ) where where each point
(xi, yi) occurs m; times.

Mumford representation: D = [u, v] where

r

u(x) = H(X — x;)™.

i=1

<;i>l VO +v(x)h(x) = F()] =0 (0<j<m—1).

X=X

Note: deg(v) < deg(u) < g.
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Mumford Representatlorls UNIVERSITY OF

CALGARY

Suppose supp(D) contains r places P; = P(,, ) where where each point
(xi, yi) occurs m; times.

Mumford representation: D = [u, v] where

r

u(x) = H(X — x;)™.

i=1

<;i>l VO +v(x)h(x) = F()] =0 (0<j<m—1).

X=X

Note: deg(v) < deg(u) < g.

Example: if D = P ) (a prime divisor), then u(x) = x — xo, v(x) = yo.
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UNIVERSITY OF

Addition Via Mumford Representations & CALGARY

Let Dy = [u1, va], D> = [u2, v»] be disjoint divisors.

To compute the reduced divisor D = [u, v] in the class [D; + Dy]:
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Addition Via Mumford Representations & CALGARY

Let Dy = [u1, va], D> = [u2, v»] be disjoint divisors.
To compute the reduced divisor D = [u, v] in the class [D; + Dy]:

@ Collect the x-coordinates of the points in D; and D;:

u=uiup .
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UNIVERSITY OF

Addition Via Mumford Representations & CALGARY

Let Dy = [u1, va], D> = [u2, v»] be disjoint divisors.
To compute the reduced divisor D = [u, v] in the class [D; + Dy]:

@ Collect the x-coordinates of the points in D; and D;:
u=uiuo .
Q Find the function v determined by the points in D; and D:

B {vl (mod wu1) ,

V pr—
va  (mod w) .
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UNIVERSITY OF

Addition Via Mumford Representations & CALGARY

Let Dy = [u1, va], D> = [u2, v»] be disjoint divisors.
To compute the reduced divisor D = [u, v] in the class [D; + Dy]:
@ Collect the x-coordinates of the points in D; and D;:
u=uily .
Q Find the function v determined by the points in D; and D:
vi  (mod ),
v =
va  (mod w) .

@ while deg(u) > g do

Renate Scheidler (Calgary) Function Fields PIMS NT Summer School 92 /95



UNIVERSITY OF

Addition Via Mumford Representations & CALGARY

Let Dy = [u1, va], D> = [u2, v»] be disjoint divisors.
To compute the reduced divisor D = [u, v] in the class [D; + Dy]:
@ Collect the x-coordinates of the points in D; and D;:
u=uiup .
Q Find the function v determined by the points in D; and D:
vi  (mod ),
v =
va  (mod w) .
@ while deg(u) > g do

o Find the remaining roots of v> — hv — f:
v (F—vh—v?¥/u .
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UNIVERSITY OF

Addition Via Mumford Representations & CALGARY

Let Dy = [u1, va], D> = [u2, v»] be disjoint divisors.
To compute the reduced divisor D = [u, v] in the class [D; + Dy]:
@ Collect the x-coordinates of the points in D; and D;:
U= uity .
Q Find the function v determined by the points in D; and D:
v (mod ),
' {vz (mod ) .
@ while deg(u) > g do
o Find the remaining roots of v> — hv — f:
v (F—vh—v?¥/u .
@ Replace the intersection divisor of v and C by its opposite:
v« (—=v—nh) (modu).
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UNIVERSITY OF

Addition Via Mumford Representations & CALGARY

Let Dy = [u1, va], D> = [u2, v»] be disjoint divisors.
To compute the reduced divisor D = [u, v] in the class [D; + Dy]:
@ Collect the x-coordinates of the points in D; and D;:
u=uuy .
Q Find the function v determined by the points in D; and D:
v (mod ),
' {vz (mod ) .
@ while deg(u) > g do
o Find the remaining roots of v> — hv — f:
v (F—vh—v?¥/u .
@ Replace the intersection divisor of v and C by its opposite:
v« (—=v—nh) (modu).
Q Output D = [u, v].
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Final Remarks CALGARY

CALGARY

Adding non-disjoint divisors via their Mumford representation is slightly
more complicated, but can also be done with a simple polynomial
arithmetic and two gcd calculations.
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Final Remarks CALGARY

CALGARY

Adding non-disjoint divisors via their Mumford representation is slightly
more complicated, but can also be done with a simple polynomial
arithmetic and two gcd calculations.

Note that this includes the case of doubling a divisor.
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Final Remarks CALGARY

Adding non-disjoint divisors via their Mumford representation is slightly
more complicated, but can also be done with a simple polynomial
arithmetic and two gcd calculations.

Note that this includes the case of doubling a divisor.

Arithmetic on split models is very similar to that for ramified models,
except that one needs to keep track of the extra parameter n
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Final Remarks CALGARY

Adding non-disjoint divisors via their Mumford representation is slightly
more complicated, but can also be done with a simple polynomial
arithmetic and two gcd calculations.

Note that this includes the case of doubling a divisor.

Arithmetic on split models is very similar to that for ramified models,
except that one needs to keep track of the extra parameter n

However, unless K is small, we know that n = —[g/2] almost certainly, so
there is no need.
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For divisor class arithmetic on ramified models:

o Alfred J. Menezes, Yi-Hong Wu and Robert J. Zuccherato,
An elementary introduction to hyperelliptic curves,
CORR 96-19, University of Waterloo 1996;
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Neal Koblitz, Algebraic Aspects of Cryptography,

Algorithms and Computation in Mathematics, vol. 3. Springer, Berlin,
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For divisor class arithmetic on split models:
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Efficient hyperelliptic arithmetic using balanced representation for
divisors.

In Algorithmic Number Theory, Lecture Notes in Computer Science,
vol. 5011, Springer, Berlin, 2008, 342-356.
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