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1.

Ty nthetic!

Amﬁoﬂgm: “Auabytic” as in:
Kont + syathetie o yriort truths, vs aunaly He truths

True by Cinﬁ'ﬂ"'t,: -:‘rue by ""'tuegf'
he meowi ng o

: y ecometv
Kawt: Suclideon Geometry e

Poincare : mm‘{he wotdieal Logyic
induechion

lg* cewtury: sujr’chehc geometry vs. analytic geemet
&
axioms Hor constructions “‘iSeL”“‘ b
cooreli nates

Also: f';qn‘l‘héﬁc r.eaSon‘mg" A df(-“tereu'tml geomefry
Charackerirhies: free use of “infinitely small’ (ov
lawge ) mumbers, reasoning about manifslds withouwt
mewtion of atlases or chovts,

o0 2
Epcé\mgle LEuJ.er) Prool of snz ='3:IE ( z - }
Stort of prool: “Lor il bely large ",
2. Sinh 0e) = (1+ Z‘ﬁ\“._ (1_-‘{;)“

Then ite: a"=b = (a-b)(a<-E Ly .. Ca-—EMU
Wwhere 1"£n-~) Enoy Ve (com \0'0.!\ S‘olu'l{on; L g“:]

What is meant u,owokolmjs Lg G(yn*’w{'ia?

Looselna: ‘reoson writh CLKIOMS




An example: & glimyse of '§cjn’clad:ic Analyris
(or: Synthehic Difterential Geometry)

Starting point : the recl Line R as Sgive’  with points
o, |

On R we have (by QCOW.PJ:V‘?C construckions):
+.c =y 5 (neN) R is a G-algelra

Dedine: Do IxeR: x*=0l

D R

Axiom: for every funehion £: D >R there is a
unique be R such that for ol deD:
gomfequemce 1: D2 {o) (uniqueness ol b)

Consequence 2 : Classical Logic fals

Suppose now E:R—>R s a Lunetion.
Thew for each x considey di1—> -f(x%,a”:'DaR

By the oxiow, there is a unique b= £'(x) suck tho
For all deD: Fix+dl= £6)+ d.b
€15 2asy to derive thod:

(F+9)(xl= Feas+g6)  (£9) ()= Fe1g604+ 1ol

(£:9) ()= £(960)-9'6)  (Chaiin rule)

And: Taylor series, sarbal derivatives, smooth mani-
folds, integration, flows, ...

E—



2. A review of some ele ments of Domatn
Theory

a . w,cpos

Definition . w-cpo: poset (X,2) such that

. Vv o
for EVCthw chain  Xo € X, € Xa € - there
| ecst wyppar hound || X, :
new
NEW
i) "Ji '«@or all L, X€9Y , thean lA\.;\wxl <Y

(& (X,€) and (Y, €) are w-cpes thew X2
s confimmous W for every w-chain X g X< ... n
7~ 4 (x,) € 1)< ... b an w-chain in ¥ and

F(Ux) = L)

CPO u +he Cad-egory of w-cpes and continuous
mays

The caufegorg CPO s comgle‘f‘e:

Y §X.:1eT} s a family of w-cpos then

]T X. L( oan w~CpO
1el 7

The category CPO s coutesiom closed :

for twe w-cpos X aud YV, let X" be He set ot
Cont \ o ws ‘%wc\-ions &Y —X, Cet

153 Y Fer all 96‘(, '{C;)sg(g). Then

g X‘{I{ A W~Cpo




There is a monad | CPO —> CPO Cul.iﬁing“)

LX is X with a new least element added :

i
‘L

Tor each X, we have:

\X/ /»\X/ L
58 e n
1 E
R LILCXY) £y LX)

An algebra for L 1 a cpe X togeter wits
a continnowr mayp L (X) M oX  such thot:

1) h (quﬂ = %

3 Ux HEix
| ut
e~

Fact: X uy an L-algebra £ omad ouly if
X has o least elewont:

X
Vo

= S least ale m e/u'l.‘

Fact: If X is an w-cpo with least element L, then
every continuous 4: X X hasa least Lixeel point

namely L1 9" (L) (L=t dale .. )

new




Fact: U X and Y are eo-cpo's with L | thewn
Yx 5 oam w-cpe with L
Fact: +he function fix: xX —> X such thet
Lix (§) = the least fixed point of £
15 continuous,
Ewﬂoedoﬂimg - Projeckion pairs
ontinuo == 2
A parir of w funekions Xé::_y’ T v an
embedding - projection pair o
Fi(x) 2 x , xeX
il e u ye 'l
Then: i X and { have -, both 1 ad r presecve L

A = TS

Theovrem (Limt- colimi} coincidence )
Suppose we have a chovin of embeddivg - projeckion

pairs n £
P pT R
| 59 Ty g
| L

and all P{ e UO-—CPO‘I \AﬂH« . M
Then thece s an w-cpo with L, P and
emhedoling - projeckion pairs Fhélﬁ“;P such

Haat s iz "
l,'l-> 1’2_—‘%-7
J\>\;Td;v/ K o colimit in CPO
l

and : 7&/%&\5”" “ a M‘ w CPO




EP
And in the cu’tegorg CPO_L oc w-cpo's with L
and emlonimj- proj)echion pﬁ\(rr As mayps,

Bk s

e % o colimit
S

P~ n
Theorem Suppose F: (CPO_L‘> \M x (cpo, ) — (PO,
355
s locally continuous . that is: ik ackon on

maps T’Y‘B’Q/TV‘?’S LL“;L\‘S 0.(- W -~ C/L\.Ol.lmf -
EP m<+ N

T hewn there s a '(lvu\c"or (CPO — CPO

satistying:
. the ackon of T on objects is the same as F

. F preserves colimits of w-chains

fttEIEwLJcIom
Concider F: CFO, » C0 = Cile

FY,X)= XY

Have the com posrte o
Bp EP F
G: adN C?O %CPO_L —> C?O.L
X 1—> x
Starting with any w-cpo with L, P one can
construct an embedding-prejection paiv

g

This gives a chain

4o £
P—-*?P 7?——7--. in CPO,

with B GER) g . Ed

16 P 1s the colimet of this chain, then Smce &
preserves eclimits of choine, Pz G(P1=P




Pe P g
= qives & nentei vIoJ vmoolel ol 4he

um‘.g peol ?\- c,a\c uluf

ln this way one can

(.M : (‘1 V\:‘e cawn §o[-V€ V‘ecurcive dowa'm -equui:tom"
eaning, Tt W -~ ( se b

g g cpo's X sabsfging Xz F (X) where
represents an oppropiiate Lunctor)

Also, co!ve systems like

= & O
g§ [ o )

XV\’; §n (Xn'*l M\




3 lr\)ﬂ/\ﬂ pa,rtia,l orders ?

Consider the Lamgvmge PCF
Tﬂges . B (Booleans) | N (ay\teg.erg-\ \(Tm,e,y.—r:dye
variobles xe, can

lerms  inklude

t.f:B (true . false)
It . then... else: B (N-» (N-+N1)  (definition
by coses)
Ys . (6—>6) —>6 (Fix point)

(and muck more)
+ A-terms A*M: 6T
Otera’oiomo»l Semantics : gqiven "U a yveduction

relation (~» | incluol'mg
|2t theaMelse N 1> M
Yo M > M (M)
(e MIN - —> MINL]
etc.

Operational Preo rder: say M c N if, whenever
C[M] 1> ¢ and c is a constant of type B or N,

dhen CIN] \~c

Denotational semantics - interpretation of terms

I W-cpo's with L




o

For cack type 6 have an w-cyo with L, L6l
£ i 2 el
[81 - \l/F R e Rt

Lc_l\o\Secl
Eve. '(;e,rw\ ™M @G 'Emae 6 \s \mteryre‘ted b‘d G

elew\emt of Lel, e.9. for Mot type 6—2>°¢,

LY.MT = fx(EMI)
Déhatauowa \Preorde\r McN f LtMI< Lnd

We say:
C-1 s &dequmte ¢ MEN 1mplIeS MEN

L-1 i« fully abstract if McN implies Mc N




4, StJn‘t‘net}c Domain Theory {

GEO@I: try o (:\y\.c[ n (,a,tegor(j of jurl: YEJ;S‘, with edl
(b Punchions, which hoa proputies cuitalle fo carry
out the constructions we did Gor w-cpo's.

Bosic ass umphon
() For every set X, a sek O(X) of “opem sub-
cebs'ol X i qive\n‘ cuch that o :@: X — Y
h o '%wnc-Hom avol LeOLY), thew
27 (U= IxeX: 4pde Ut € & (X)

(11) Theve v a set S omd o ayén cnbsk T o4 &

¢uch Haant '-{—w-@\f&u% X ool £1eny ueébd,

there ¥ o unigw? C X —» 2 ceuch Heot
Uu-= C;(T)

(&) EMMMS: S can be tlentifiedd with a cub 52t ot
P(iet), that ik, with o seb of pvoyesitions

(.,ﬂPCi#ﬂ = Propositions via
X 1—> [re ]
foipye—1 ¥ )

We write U, X fer Ue O (x)

Axiom 1 1) For every seb X | Xa X
A1) For evtny set X 6 c, X

i1) For evtry sok X & Y c X awnd
Uec, : thewn \lCOX




i) WX e X i(Mp\ieS ot under £ c P(het)
Tc,Z can Le tdenhified with {truel

'Vl), vXx (& c, X) 1 eqmva[,eut ‘o : ‘Fa_\,.é ..

1)+ 10), VXYU (U Y e, X = Uc,X) is equiva-
dent to the dominemee axioms CRasolinl\'.
a) true € s
b) (pez A pé')(,ctéi) \-—"-) ((‘w\q\éz)

We sheall be iuterestecd in Pav‘hali-l—tj : ()arﬁal
'-{»vmc\-l‘ons X —»Y with open domain

Fiest, a remark on dominances




I3
Suppose A is a set. We write A foe Hae Set
{B c A : B hes at most one e&ww{:}

For we A we write Il for “x has an elemert”
onel L« for the Uunique element of ., i T,

S“V‘Y’O"@ T cA is a subret such that:
1) 3a (aed)

2) Forall ae A and all Fch,
£ (aed = b (beT)) then thore is
am e A sudh that
(aed = TG a = eE)

3) For all ae A and all € A
F (ae & = T(x)) then there is be A

Such that ((ae§ Alnxé@)"'" be &)

Then the sd—z;ip . Jaeld (pe>aed)}

s o deminance ;
by 1) true € 2
Suypose peZ and p=y (362). let ae A
cuch that be> aed ; then
ac § = 3IAb (%Hbe§3
By 2), theve is xe A such that
aec & = T(«) A (qz—»ixé 3 )
By 3) there s be A such that

((ed aloned)e> bed)s
thewn pAq &> be @
Example: A arnt of computations of some type,
and ®c A the set of ‘term'mod:?ug compu{:o\’cions




Return to Po\r‘\‘w\l maps with open demoain -
U <, X

|
\(

Defumibion, L= Sue® o Bl es

There are mayps 1, : ¥ = LO0E On {yls {4%)
amd s OO S TLONO (e (A= UA)
For £: X—=Y define LAE): X — LLO) by
L) (&)= f4G):xex
Observe: For very Pcw-ha,\ map as above there

tota |
s @ uuua(ue ':(-Muc-l-\ow { : 4 >LCY) such that

(‘.ﬂ’ |= U. Name(q,
2o = e xe U

L (S A mw’lmt S@MtL@W‘Jr'@ 'l’b\(. LH‘W\.@ VWQVLO\.K %W Clpo 5.

true

U‘““'mu?. 2 = \,(,o»lse

Classically, | x _ @

L
‘¥

Delinition . An _d’j@d' with L s an a(gelorm. Lor +he
mgnad s

A steict mayp between ob]zch with L s an
L - algelova homomoryphism




[5

Com @]‘:ete obie cts

an w-chain 15 an ovder- p reser ving moy

[n Pofetf,
from 1 iato an object.
w= |
‘!
*0 .“0
Consider alko  w+t: E
{

De finition, A weok L-algebra s an ob[écFX

bogether with o may L ek
A morphism of w eole L—algzlarau CX( L\\,__,(,‘\’l)‘] '
K -F(Mc&—?ov\ ’.\—: X _ Y% sweh +thet '

L X ;’:E‘_, [ ¢
\4\\/ \‘L‘ Con\th&S
¥, ——2 1
£
i ,
[n Posets, ey ls the initial
o — l
_L RN :9 New[’- L'“'[?e[’m
el Lw w
A L-—C,Oa.(-qebm s (X _,L‘__;LX)‘
Bee '
tV\ PoS@tS, W W e GV\Q,(» \,JQO\,L L_.
\ > 0 coaigebm
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Lombek's Lemnma 1§ € is o calegory and
E. 8 onl & Lunctor, then £ (_)(\F)(,"‘__>X]

K anh Ev\H—iM weal - a,Lge(orax, h Uk an isomovy—

phism

Proof., Given CX,F)(,L‘_;X) consider the weak
F- adﬂelom CEx Ty E’%FX). By valﬁa.h*{'lj ol
(X‘FX—L‘—eX\ the re ¥ o wnique ET e

Sudh that F X E_i_,FLX
h | [Ek  Commutes

v

X, 2 FX
Clwr(ﬂ} also

Fi .o &
h

Composing  hi: X — X 6 « mo cphism of
weak F_algebros Lrom (‘th,\\ by itself-
Cince (X L) is intHal, hi= tdy.
From the {:Ir'd- O\iaﬂram) we see that
ih = FhoFi= F(hils F(ud )= 7
R 156 wuorpl/\iswx with muerse 1.
-

0f cowrse, the same holds for a Linal
w-eale C‘oax,Cgebra\




T

In our @enéwx\ case of sets and aFWﬂC‘HOV\S, oand

L %= faeX & Eli e B

do initial weal L-a.(—qelara and  final weal L—wa,ﬁge,
hra exist ?

\_{f_g, Let N= £o0,1,...§ £he set of not weral numbers,

Lek F = {\_ye SN :+ WYnelN C«k(n-t-l):%'\l/(n\)?f

Deline T: F — LF by
TN = 3 Anarine) :A)g(oﬁ’
Then (F.T) 15 a final weak L= ooaxlg-ebra:

1P (X, 6: X—sLX) s a weak L-coalgebra
there T a unique homomorphirm of weak L- coalgeliras
£: X—F  qiven by
Lex) (o) = T Lecx)
Exl(nel= T (s01) A -F(Lscx\\(nl

L alse has an initial weal alge bra
L. 2T
(Jibladze)
T=-{veF: \V’propociﬁonf &
YaeN ((Anl— 6\ — b) — &3
T:F—s(LF s an isomorphicm | and  6: LT T
s the restriction of T7' to LT
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e For I\ w e hoave an }V\dlACHCW\ [pWiﬂClplﬁ:

{{: rc X and
YaeI | IneN (AW — e i) A\JGA]
"H/\BV\ A:I

+ The following holds fovr ~te F:
dnelN bl = AbeT = 113n 1A} ()

C lassical pictures:
T F

g: (-T\T\T\ =0 )

: s 90 S TE \

\ & o W S .\ 0 R S

& N S e 5 S ORaE
By the nitial- weel algelqyn pv\ov.@\r‘t(ﬁ w-e
have 1:T _5F  (in Pact, the embedding )

Siinll BlEAH LT Lor
Gl XG com mutes.
/

T *>F

Definition, ¥ is complete ©f the funchion

1 F E s 5 .
X : X — X is an isomorphism

That &5, 1§ every function T —>X  extends
‘*V‘i"l"‘ﬂl“j to a funckion Fea X




- [
E(awp[@ $+% is complete ( dlo vigus) :

T i wnot complete, cince T #F

Tb\eoreﬂ, Supypo;e X 1§ an o\vjed it L Cam L—alge,.
bra). £ X i complete, then every funchion 9: X X
has a fived point.

Proof . There are maps

P LT =T e (4 in) = T(2) A Lot (n)
g: T~ L Sl )= %T % li\zo
@ (n-1) g aro

One can prove : (I*G) s an L-algebra, Moreover,
for every L-algebra (X 25X ) and every
X — X | theve ¥ a unique Eunction h: T =X
such that betlh

LT e, L X T B R
Q \\, ‘\,“ and LS l,‘% commute
T k. % e .

Since X is complete | h extends uniquely to

h: F—X.
Also, s: T —> T -extends to $:F— F (same definition

Bg Whique ness of V\) T LX
T\ M commutes
R |

r 2%
But v F, T has & Lixed \")oimt TS o e e
Henee, q(h(wll= h (T (W)= Thiw), so hiw)
s o {iixzd' point tovr 9- m
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Easy Lo see:
» Any limit of & ol grom o complete olyech
K complefe in yartiw\lar: Y X v cowvlde,
So i XY fov each ¥ . Moreavér, retrachs of
complete objects are complete

Con we {indl & cotegory of complete objects which
has Similor properties as CPO?

No.

Because , using classical logic, U X is compleke henee
Lvery funclion X -5 X has & Fix el pont, X = {+}.

The theory up to now, although consistent with

classical logic, seems rather empt«o

AX'IOM A Z LS COW\ylete

Axiom 2 v clacsically in consistent, but conrir-
tent with intuitionistic Logicﬁ
Axiom » s equivalent to: F is complete.
For, € U avetroct o F
and F v o "e't\;‘m/{‘ of =", by 5.7" F
2@ nl = N\ on
i=0

N oW spmp O C/&*)(eﬂory o_[f (PV\@\ olomajns
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w (Fl‘eﬂ@l) A categorg € s ealled aiqe),m{_

C:ﬁ‘ﬂ'j QO_W‘MME (£ for every endofunctor T AR
Ahere exisk an inihal weol T-algebya T1 ST and
o final weal T- Co&igeb\f‘a £ = LF, and move-
over the conontcod Moy

¥

IS G 136 W\orp\«irw\
Big acdvantage of the definition: iU selp -duad
(U € is algelraically compact, so =)

T heorewm (Fre\jol) [F tee Co»'tegov‘{as € and W are

algebraically compact | so is Cx AP
Hence: if A is olg- compact, so U5 (uw)nx 4

Therefore vecursive domain equations can be sol-
ved im A, ac shown by Fiore (thesis).

We are interestee i complete, algehraically compeck
categories, Classically | his is hard to satisfy:

G EOLS\j: avers algelqmicmllg cvm‘oad’ autzgory has a
Zeyo object (an object which i5 both tnikial aud
final)

2. Evzry algehraica\\g com ymc'l: \o\reov‘oler is teivial

3. (Classically) Every cowplete, algeb raically compact
codeqory is o preovoler




Z2Z

But: in models ob inkuthionishc set theory | nentrivial
comp[ete( au(aebrm‘lco/bug cowpad' cai‘zjoﬁ.es .e,q‘g{-l

Cqﬁgﬂ\‘es ot pre domains  These should satisty

the propecties o} CPO, and preferalily more:

o £ull fu‘oCmfza]ovi-es of Cet

. +he objech ave com pletre

. the Cov‘-%omd » complete
Lo seol vmder L

Nice o hawe, moreover:
s Hw categovy v Cessentially

(for nteyp p\re\"\nﬂ pou\wwmkc
the cateqory is a(,qeero\ic_aLub]

Lupe Huep ries)

compa ct

. Domains  then, are predo maus with L

>
Examp les .

1] Replete objects (Hq(and\’l—aqlov,%oa)
o mongmorphism  m: A —>§ S-dense
Te o Is‘owxorpbxirw

Call

g s, s

X ;s replete If forevery S - dene
B X" xP i an iromorphism.

X —>
, full cubcateqory ov

Easy to 5ee .
olijects 1S complete

o CVRICY reyplete olo“')ec\‘ s
comn le-e (S?vwe m*.Tj-a’F i;e?n;

e mono MM)

rey d-eﬂ-re

,
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Moveover, if X w reylete €o s L. (X)

And: Tn the reali2ah lt’w) model of ret -(:In.eomj,
khe reylete ohyjecks form (estatially) a cet

2) Reqular I —posets
For this exomple, assume o Lurther conolition
on 2, name ln:

@ YpeT (=1p~>p)

We hawe, always, a preordes on ev-ery cek K=
x<l (f Lor ewery open e, X, % xe U
then ye U, Ln other wovds, (F€
gies™ (1a)=4y)

X
Let &1 X s* & () (1) = 3 ()
Thent € & a pawtial ovder EE ¢Xff monic
\We say: X is a E-poset Tt b, s wonic.
We say: X 18 a ‘r%uhr S-poset if ¢ s
monic and
X .

\V’AGZZ (113%&5( (A= Cbx('z\\ =

Tve X (A= Cbx('z” )
Theorem [Reus; v0- Cimpson] £ X 15

C,omlete regu(ar S-poset, so is L.CX)
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ln the wewﬁ?za%i&i% modlel of feF‘Tkeonj)
the requlor 3 - posets have been called

CE)ctemiowod PER'’ or ExPey ts
ln this model, we have:

Theorem [Freyd-Muley- Rosolini - Scott ]
) Exler form a complete , small cateqory

E) The C%'h‘?gaﬂj Ex?ero On c@mpl-ete ExPers

with L )(IS alge braically com pact
and L= press pmaps

3) We\lﬂfwwhlete oui@é¥§ [Lomglek\l; gimvrow]

This seews to be +le most succe seful notion,
Call X well-complete (F LIX) s complete.

complete, X & comp lete

Backs: 1) 1 X is well
R well-completre, o is LX)

#
ey well-complete ohjecks form o comyle-

te coteqory

Simpson (2002 52004) proves a ftrong thev rem
ahout cotegories of well-comylete objects.
For a correct formulation of it we need te

be a little less informal than up ko now ahout
what we mean by “cpts
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Sets and Clasces

Assume we're in o werld of ‘clacres’ (and functious
hetween them ) in which there w a uwnivevee of sets

whic is & meodel of intuitionithic set theory.

ln parHeular we shall need the Axiom of Replace-
ment which says:

I % s o class, X a seJC, and F:X —% a fune-

tion , thew there s a set { which contains

FF(x) : xeX]

Cotr nee Ssmall’, We asrume we have an apparatus
to reason about Small things; for example for
each clacs ¥ we con form

’T’g(%) = {"j’g% I small §

Come axioms:
) (Y U swmall
a) 1 % is swall, so s M (%)
) U % @ imall and 4 ¢ % than 4 & small
q) (f % and 4 are Small, so b -.‘"
5) N W swmall
Immeclinte comSequences:
o P(Le}) = Py (’Hﬂ % small heuce so is S cP(4s5)
FexW i small | heuce so s TCF

o X U small, so s L(x) ¢ ’Y’({oﬂx
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Let K be the category of small well-complete objeets
and partial wmaps with opeu dewmain ( equivaleatly,
K i the Kleirli category for L on tmall wel-complete
ohjedc:)
K gcueralizecz w-cpe's with L and 1L -preservng mays

Theorem (Simpsen) K is alge braically compact

“W‘O‘JF“ (a few basic ideas) This is & qlorification
(higher dimencional genevaliaation) of the proel that
tvery ndo function ow o complete chject with L hos
a fixed point.

Recall: (¢ X i om L-algebva, g1 XX theu there i
a umque [-algelya homomovplhitsm . i pl —2 X suck
that I 25X commutes.

L n

Essentially | this result is [1fted 4o the lvel of categopies, |
Ko ,the class of objects of K, is e L-algelwa, as well
as eoch hom-set K(AB).

partial order |
T % o queeontb@ hewce o cateqovy | anel alse an L-alge-

bra in the above sense : s:T _sT i aue endofuuctor,

There is & notion of ‘L - alqebra homamorphirm’ for fumctons
between cuch |- algebra ca.teaow‘es’
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Then, for eaeh endofunctor F: K —5 K +there

s o unique L-algebra homemorphism functor

H: T —s K such that

B e

i
: L ;(rF commutes
T —_H/—) K

[ the coustruction of H makes esseutial use of
the Replacement axiem ]
A notion ot “bilimit’ for such H (Limit- colimit)

ts defined- By completenest of K, H hes fuch a
bilimit ; this will be the cartier of an initial weede

algehra — Linal weak coalgebva for the funelor

F.
[Wote H generalizet (and modifiet) the diaqram
ob “iterates’ of F ] -

App“ica_tn‘ow Uimwon) This result heas heen applied
to give a proof of computational adequacy for the
lawquaqe FPC with recurcively defined types,

Rosolini and Simpson (2004) g0 owme step
furthey ; assuming a Small cateqory of clowmains whiel,
i« also Quelilgh) cownplete, clefine relationally para-
metric medel fov a pelymorphic language, and
prove Computational adequacy,
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Comctudiug this {Letd« ot the theovreticol
development of synthetic clomain theery,
the f@llowimj quote from Reoselini- Simpson 2004

“This paper reveods S‘tju{:hel'tc dowmain theory
to be a Serious competitor to state-of-
the-art teckniques {n operationol
Semanties?




.
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Models

— e ——

A model in the realizability topos EEf
Our predomains wll be-ns.ev»amtzo( ohjects (oljecks

X for which VYxye X (77 (x=y) — x=y ) 0
true ) These con he deseriheo as assemblies:

An ayy@mbﬁg % o (classical) set X togeHer with o
function l'(x: X —> PN toling values in Hre
nenempty culsets of IN

A morphism of assem blies (X.l‘lx) ol (,‘f‘ l~l.f) 4
a function £1 X o\, sucle that there exist o
partial recurtive funetion @ with the property thet

.ﬁwmll Xe X ome all ne lx)x ;@ () € H(x\l.(

The deninonce T iw EfF. Leb K=1lel e-elf
Now 2 = {p | JdeeN (p e ec k)

ln Eff, Markov's Principle (1 (e€ K) —> ee K
kc»lch‘, fo Vre Z (’11p —> \9), tm rur{-iwlaoﬂ
2w 1‘1—02%0\1(\@1‘2@{

Ac assembly, S con be represented as

ATl e ITlg = K
\L\Z=TC-=‘N\—K

Givew assemhly (X, 1-1,) and X'c X, +the sub-
assembly (X' 11 ) is an open subset iff there
% o vecursively enumevable cubcer A o4 IN
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Such that :
) for all xex' =l c A
#) for all xe X=X'| (%] A A= ¢
(Evzrj open subset s of this fovm)

The Lift functor L on assemblies:
LEG L = Crui Bl 0

MLX A ww ednl 8

fal s o i
The Linal weak L-coalgebra F cow he renderes
as: F= (_w+l,l-lF)
[wle = fe | We= {m lm<mil
Wiz = fe | Wy = N}

As we know, F = fape SV | o (4 ) = Ablac)}
From Jibladre's formula fv T it Gllows that
(A eF [duad )Y ¢ T ¢ {aef l1a3n 14 (1}
In fack, Lor ER} snhe coan shew that

T= §Aef l1n3n a ()}
which meaws that T i« Sl - o g5 emb, ly oh F:

T b bl
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Let s show that Z is complebe

guw»ose ¢$: T — 2 . Let X & (473

X erresponds fo an open sub asSembly of T | Se there
1s ol r&wniveb, enumerable seb A such that:

() ne X = {e | Wee [o,...,n—n']"y c A
@ ndX = i€ | W, ale,~m=tItn A =¢

Lemma [ neX , n+1 €X
P&c guMmrz A= Wa .

swuch that e

e-&t = {a.e ‘lr les n

ande Lined else
1t a-eT, We=[opwim=t] co0 n¢X; henee if neX,
a- & and Wg=To,~yn], 0 nreX. 0

v, i neX there is en e Cuch that W, = IN omd

B4 reawsion thevrem, p\‘cL e

Similar!

ee A.
Se i neX and A: F—>2 extends Cb,tken z\[’(w}z‘ﬁ

Converrely, if neX, such owm extension Ap exisis.
What tf Xz ¢ 7 Then b= L. We can extend &

bty b (W= L.
Suppese {e |We=NF c A Mough, Pick e such that
ek = o f at ﬂ?“ﬂe l'—, G- has net 14@!'
{ been c,evawted
unole fined <else

If e ¢ A, thenw We=MN so eéA',é.
Hence cel so W= [0 m-1] For some w; but

then m e x 2 é
Co ¢ wxtends to A4t F—22 in exaetly ene way.
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2. A model n “modilied realizability"

Now we cmsider “Modified assemblies’

0’9]@&&5 onre {:V/‘iv'ef (X,l.[x'va\ Smd« ‘H/wd: (X,l-lx)
K &n ﬂffemlo[ij y anol l'»lx Cc Px c N, ferall xeX

Brrows are fumekions L1 X —5 Y cuch that theve is o
partial recursive function @ satisfying:
i) xeX ,melxly =5 q(nl ¢ Hw]\{

A1) me Px => Q(m\éP\{

Modified assemblies are alse the 11-separated chjeck of

a topes. But in this fepes, Markevts Principle fails.

2 = {peSL | JeelN {pes 116 K)}

2 correrpends to the modi fied assewmbly
“To'l“s"|t\N) IT‘:I K \1—\‘=F

F = (w-l»l,|~|F ‘lN) \O\'Fg {C \Wectow,l-l'.”
\W\Fs {G‘Wec 'N}

One can prove: for woditied realiankility
1z {aeF: An bt}

And com be given by
Ie (w101, \WN)

\nlt {(e.m" \M}V\ & W.-[m--.ﬂ-'ﬂ
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Again, in Mo dified Assewhlies, 3 i complete.

(et there oure differences with the situation for
Rssew b lies

@ In Assemblies complete = well-complete
ln ModiPiedd cssemblies, 2= 141 ic complete, hut net
well- complete
® ln Ascemblies, the Scott axiem holes:
(S) For all funckions P : ZN-—?Z,
PLAn.T) = JneN.P ()

N . -
(where n eSS is: nlk)= %r lecm )
L lezn

[n Modifieol Arsemblies this fails

3. There are various models in Grolhondieck toposer

Often, a subeateqory C of w-cpo is taken, such
thot C s cense in w-cpe ; with swbeanonieal

topeloqy m C,
&
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5. Other eSqMNHc’ develvpmwh

Recontly  two attempds have heen made ot
Csymtlesizing mot he maticad Hreories. These are:
1. Eseardd’s  “Cynthetic topolegy’

5 Bauwer's  ©cymthebie computahiliby theory’.
Discuss Some elementc of 2.

Upschot 1 using ldens Lrow tywthebic domain theory,
it Setms PauiMe to qive o treatment of elementory
recurtion theory | without going mto com pukotion
models (like Turirg machines ).

Cpeatically | a theovy i precented , whest infer-
pretation tn the eHledive beopos qieleds theorews
o} reumtion theory.

Ctarting point : higher ovder logic with Actom
ob Deptudont Choices for N (that i N s
[nternally projeckhive ), and Marlov's Princedple
VeV avn fz0 — In Eln)=1
Delive a countahle reb ot o qpokewbest cet A

such Hot there s N —D A+i
(if A—p1, can assume N —A )

Easy : NN and N are ot coumtahle

Definiton, 5 - {P ; B-FezM (p e Infm:= )i




Note: SIS Alsoy T, L €3
Deline: U CX optn if thre i $1 X > sach hat
- AN

Proposition: Every open cubset of N i1 comtahle

Proct: leb W CN opom, C clasiiCied by £ N &

By internal projechivity of N, there I N—E
cuclh thok N

\\

—b/ \.h\

<
22

Deline e: NxN —o 1+ U by
n if Eaen T (1) ml=|

€(<V\.m7\ : { v <lSe

Co, 18 UcN open and mhabhited, there i« N—> U,
(U—o 1)

ln‘terpretodnon Every non empty r.e.set is the
image of a vecurtive tumction

B:j internal pw\)uh vity of N, and 'ZNf—DZ
we have 2’N :(N\M___ADZ N
This meauns: for U c N open, theve is riNxN—>2
Such thot nelU > FmeN.rmn) =]
[nter pretation . Every re-cet Ts o projection ol a
recursive set
Deline: Nj={UcN open | Zmun (mell aneU — m=n n)3
Thew N.,_ the set ok partial maps N =N with opa domalu

Por tial recursiye K{’-w«chom




Now, we introduce an Cuaom. %

\C

Acom TV u countable.

(onsequence;

Classical Logie Cail, hecause:

1) Since g ol - T countable

) Were ¢ deddoble, Z =2 honce AT
pot TV comtable, N onok.

Theorem N,V i couabable

Contequence 1 there is enumeration @ N —p MJ,M

Hence, acceptahle Godel namberng of partial pecursive
fon (HO RS |

'W______eor.ew [ Phoa Priucipl-e_j
For erery urZ—=Z, xeZ,
L) = (ulH) Vv ) A u (T

Co rO“artg: every map S A5 v monofone

corollavy T Scott Axrom |2 Every {l:ZN,sZ 'S YmOno-

tone and for uesV,
=T = ANy MU PN =T

lnter pretabion : Rice -Shapwo Theorem

Rice, Recurcion Theorem, -
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